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Chapter 1 
Introduction 

Vertex (operator) algebras ([B], [FLM2], [FHL]) are "algebras" equipped with an infinite 
sequence of multiplications satisfying the so-called "Jacobi identity." The notion of 
vertex (operator) algebra is the algebraic counterpart of the notion of what is now 
usually called "chiral algebra" in conformal field theory. In fact, much of conformal 
field theory, basic algebraic features of whose axiomatic structure were formulated in 
such works as [BPZ] and later, [MS], can be understood in terms of the theory of vertex 
operator algebras and their representations. 

Vertex (operator) algebras can be viewed as "complex analogues" of classical Lie 
algebras and also of commutative associative algebras. In particular, any commutative 
associative algebra with identity is a vertex (operator) algebra [B] . In [L2] , motivated by 
a classical analogue we found a new proof that "commutativity" implies "associativity" 
for vertex (operator) algebras, so that the commutativity property implies the Jacobi 
identity for vertex (operator) algebras (see [FLM2], [FHL], [DL], [L2]) and we developed 
an analogue of the notion of endomorphism ring of a vector space for vertex operator 
algebra theory [L2] . 

The main theme of this thesis is to develop analogues of the tensor product functor 
"(8)" and the "Horn" -functor for vertex operator algebra theory to deepen the analogy 
between vertex operator algebras and classical commutative associative algebras. We 
also rebuild Zhu's 1-1 correspondence [Zhu] by using the notion of "generalized Verma 
module" for Z-graded Lie algebras (cf. [Lep]) and we define the notion of "generalized 
Verma (weak) module" for vertex operator algebras as an analogue. 

Vertex operator algebras are not classical algebras, but there are classical algebras 
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associated to each vertex operator algebra. In his thesis [Zhu], as one of his remark- 
able results, Zhu has constructed an associative algebra A{V) for any vertex operator 
algebra V and established a 1-1 correspondence between the set of equivalence classes 
of irreducible lower-truncated Z-graded weak F-modules and the set of equivalence 
classes of irreducible ^(F)-modules. Roughly speaking, Zhu's algebra A{V) is the as- 
sociative algebra generated by all weight-zero components of vertex operators modulo 
certain relations arising from the L(—l) -derivative property and the Jacobi identity. 
For an ^(y)-module U, to construct a lowest-degree (weak) ^/-module with U as the 
lowest-degree subspace, Zhu first constructs a free space F{U) generated by symbols 
a(n) (linear in a E V) from U and then he defines a linear function on U* ®c F{U) 
inductively. Using induction he proves the rationality, the commutativity and the asso- 
ciativity for the desired correlation functions, so that the quotient space F{U) of F{U) 
modulo a certain subspace is a (weak) ^-module. In the last step, he proves that F{U) 
is a lowest-degree (weak) F-module with U as its lowest-degree subspace. 

To a certain extent, Zhu's ^(F)-theory is analogous to lowest-weight module theory 
for an affine Lie algebra g, where A{y) roughly plays the role of C/(g), the universal 
enveloping algebra of the finite-dimensional simple Lie algebra g. The Jacobi identity 
for vertex operator algebras is equivalent to the combination of Borcherds' commutator 
formula (2.1.3) and the (associative) iterate formula (2.1.4). With the help of the notion 
of affine vertex algebras (recalled in Section 2.1.3) we prove that for any vertex algebra 
V, the quotient space g{y) of C[t, t~^\®V modulo the subspace {■^®1 + 1®L{—1))V is 
a Lie algebra with the commutator formula as its Lie bracket (cf. [B] ) . This Lie algebra 
has also been studied by Feingold, Frenkel and Ries [FFR]. As a consequence, g{V) 
is the Lie algebra with underlying space V = C[i,t~^] (8) V and with the commutator 
formula providing its defining relations. For any Z-graded Lie algebra g = ®neZ9ni we 
have a triangular decomposition g = g^^ ® g^® g^^ where g± = ®^=ig±n- Generalizing 
the notion of "generalized Verma module" we can define the notion of "generalized 
Verma module" for any Z-graded Lie algebra g. It follows from the PBW theorem 
that there is a 1-1 correspondence between the set of equivalence classes of irreducible 
^o-modules and the set of equivalence classes of irreducible lowest-degree gi-modules. 
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Since g{V) is a Z-graded Lie algebra (graded by weights), the lowest-degree module 
theory applies to g{V). 

Although the lowest-degree 5'(y)-module theory is not equivalent to the lowest- 
weight (weak) y-module theory, this theory is really useful for studying Zhu's A{V)- 
theory. It follows from [Zhu] that the natural projection map from g{V)o to A{V) is a 
Lie algebra homomorphism where A{V) is viewed as a Lie algebra A{V)Lie, so that any 
A(y)-module U is a natural (7(F)o-module. Let M{U) be the generalized Verma g{V)- 
module with the lowest-degree subspacc U . Let L{U) be the quotient g(y)-Taodn\c of 
M{U) divided by the (unique) maximal graded submodule intersecting U trivially. Then 
we prove that associativity holds on L{U) so that the Jacobi identity follows (since the 
commutativity, the L(—l) -derivative property and the vacuum property have already 
been built to the g'(y)-module structure on L{U)). Thus L{U) is a (weak) T^-module 
with U as its lowest-degree subspace. It follows from an abstract argument that the 
universal lowest-degree F-module M{U) with lowest-degree subspace U exists. That is, 
M{U) is the Verma F-module with lowest-degree subspace U. In this way, the analogy 
between Zhu's A{y) theory and the lowest-degree module theory is manifest. 

The study of tensor product theory for representations for a chiral algebra or a vertex 
operator algebra was initiated by physicists due to the need to describe the coupling 
of vertices (see for example [MS]). The first mathematically rigorous notion of tensor 
product was given by Kazhdan and Lusztig [KL0]-[KL4] for modules of certain levels 
for an afHne Lie algebra. Then Huang and Lepowsky [HL0]-[HL2] give an approach to 
tensor product theory for modules for a vertex operator algebra. Huang and Lepowsky's 
approach is analytic in nature, so that it is not quite analogous to the classical tensor 
product construction. (Professor James Lepowsky informed us that some years ago, 
Borcherds also began considering a notion of tensor product of modules for a vertex 
algebra.) 

In the classical Lie algebra theory, if and U"^ are modules for a Lie algebra g, 
the tensor product vector space has a natural g-module structure with the 
following action: 

a{v} ® v?') = av} ® + v} ® av?' ior a e g,u^ e U^jU^ e U^. (1.1) 



4 



Of course, this is due to the Hopf algebra structure of the universal enveloping algebra 
U{g). But it is important to notice that the formula (1.1) is symbolically the classical 
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Jacobi identity. If is another module, an intertwining operator of type 
is defined to be a g-homomorphism / from the tensor product module (8) U'^ to U^. 



Equivalently, it can also be defined (at least superficially) without using the notion 
of tensor product module as a linear map / from to Homc(f/^, f/^) satisfying the 
following condition: 

al{u^)u'^ = I{u^)au'^ + I{au^)u'^ for aeg,u' eU\ (1.2) 

Denote by F the standard bilinear map from X to ^U"^. Then F IS an 



intertwining operator of type 



and the pair {U^ (2> U^,F) satisfies the 



following universal property: For any g-module and any intertwining operator / of 
, there exists a unique g-homomorphism tp from (g) U'^ to such 



type 

that I = ij; o F. On the other hand, the tensor product module ^ U'^ is nothing but 
the vector space spanned by "formal symbols" I{u^)u^ (linear in and u^) with the 
g-action defined by (1.2). 

In vertex operator algebra theory, the notion of intertwining operator was defined 
[FHL] analogously to the second classical definition, but we initially don't have the 
notion of tensor product. Let F be a vertex operator algebra and let M* (i = 1,2,3) 

/ M3 \ 

be three F-modules. An intertwining operator of type is defined to be a 

linear map I{-,x) from to (Hom(M^,M^)) {x} satisfying the truncation condition, 
the L(— l)-derivative property and the following Jacobi identity: 

Xq^6 {-^-^^^^ Y{a,xi)I{u^,X2) - Xq^S I{u^ ,X2)Y{a,xi) 

= X2-^<5(^i--^)/(y(a,xo)ni,X2). (1.3) 

Motivated by the classical tensor product theory, we formulate the following definition: 
Let and be two F-modules. A tensor product for the ordered pair (M^, M^) is 
a pair (M, F(-,x)) consisting of a V-module M and an intertwining operator F{-,x) of 
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( M 



type 



such that the following universal property holds: For any F-module 



v 



W and any intertwining operator /(-ja;) of type 



( W 



there exists a unique 



V 



F-homomorphism tp from M to W such that I{-,x) =2^0 F(-,x). (Here ip extends 
canonically to a linear map from M{x} to 

An intertwining operator can be viewed as either a formal series of operators or an 
operator- valued functional. In [HLl], Huang and Lepowsky have also formulated certain 
notions of tensor product involving some geometry, where an intertwining operator is 
viewed as an operator-valued functional. 

Next is our construction of tensor products. Roughly speaking, our tensor product 
module is constructed as the quotient space of the tensor product vector space C[t, t~^]0 

® (symbolically the linear span of all coefficients of Y{u^,x)u'^ for G M*) 
divided by all the axioms for an intertwining operator of a certain type. 

First we form the formal vector space Fo(M\ M^) = C[t, t'^] ®M'^®M'^. Taking 
ReSj;(j of (1.3), we obtain the commutator formula: 

y(a,a;i)i"(u\x2) = liv} ,X2)Y{a,xi) + Res^„a;2^5 {— — —\ I{Y{a,XQ)v} ,X2). (1.4) 

\ X2 J 

Analogously to the classical case, using this formula we define a tensor product action 
of y = C[t, r^] F on Fo(Mi, M2) as follows: 



Y{a,xi){Yt{v},X2)®u^) 
= Yt{v},X2)®Y{a,xi)u^ + Kes,a,^X2^5 Yt{Y{a,XQ)v} ,X2) ® ,{l.h) 

where Yt{v},x) = En6z(*" ® u^)x-''-'^. Then we prove that this defined action on 
Fo{M^,M'^) satisfies the commutator formula, or equivalently this defines a g{V)- 
module structure on Fo(M^,M^) (Proposition 5.2.1). Let Fi(M^,M^) be the quo- 
tient g'(y)-module of Fo{M^ , M"^) divided by the truncation condition. Then we define 
F2(M\ M^) to be the quotient 6f(y)-module of -Fi(M\ M^) divided by the Jacobi iden- 
tity relation for an intertwining operator. Then we prove that F2{M^,M^) is a lower- 
truncated Z-graded weak F-module (Theorem 5.2.9). Furthermore, let T(M^,M^) be 
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the quotient module of F2{M^,M^) divided by its (unique) maximal graded submod- 
ule with degree-zero subspace being zero. Then we prove that if V is rational in the 

sense of [Zhu], T{M^, ilf^) is a tensor product for the ordered pair {M^, Af^) (Theorem 
5.2.22). (The last step corresponds to the L(— l)-derivative property for an intertwining 
operator.) 

To summarize, it is very natural that the tensor product vector space C[t,t~^] (8> 

(g) divided by all the axioms for an intertwining operator of a certain type is 
a (weak) ^-module. (In classical Lie algebra theory, the commutator formula is just 
the Jacobi identity, so that we don't have to pass to a quotient space.) Furthermore, 
we also prove the unital property of the adjoint module V (Proposition 6.1.2) and the 
commutativity of tensor products, up to F-isomorphism (Proposition 6.2.3). 

Compared with Huang and Lepowsky's (analytic) approach, this is a formal variable 
approach. But it follows from the universal properties that the tensor product modules 
from both constructions are isomorphic. 

In [FZ], generalizing Zhu's 74(F)-theory, Frenkel and Zhu have developed a the- 
ory to calculate the fusion rules. Obviously, their theory is closely related to tensor 
product theory in certain ways. To any ^-module M, Frenkel and Zhu [FZ] have as- 
sociated an ^(F)-bimodule A{M). Then one of their main theorem says that for any 

three irreducible F-modules M' (i=l,2,3) there is a natural linear isomorphism between 

( \ 

Hom^(y)(^(Af^) (^A{V) M2(0),M3(0)) and / , the space of intertwining 

operators of the indicated type. This gives one way to compute fusion rules. Attempt- 
ing to give a complete proof, we find that this is not true in general. (In Appendix 
A we give a counterexample.) However, we prove that a sufficient condition is that 
both and (M"^)' are universal (Theorem 4.2.4). Especially, it is true if V is ra- 
tional. In the proof, we can see that Frenkel and Zhu's theorem is deeply related to 
our construction of tensor products. We also show that the degree-zero subspace of 
T{M^,M^) is a quotient ^(F)-module of the ^(F)-module A{M^) 0a{v) M'^{0). Then 
it follows from Frenkel and Zhu's theorem and the universal property of r(M^,M^) 
that A{M^) ®A{V) M^(0) is isomorphic to the degree-zero subspace of r(M^,M^) as 
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an A(F)-module. 

In Lie algebra theory, for any two modules and U'^ for a Lie algebra g, the space 
Homc(J7^, U'^) has a natural g-module structure with the action defined by: 

iaf){u')=af{u^)-f{au^) for any a G g, / G Homc(C/\ C/'), e C/^ (1.6) 

Notice that the formula (1.6) is also symbolically the classical Jacobi identity. Further- 
more, we have the following natural inclusion relations: 

{U^y ® — > Homc(C/\ ?7^) — > {U^ ^ {U^)*)*. (1.7) 

If both and are finite-dimensional, the arrows are isomorphism so that the space 
of linear homomorphisms gives a construction of tensor product modules. 

As a complex analogue of }lom.(j{M^, M'^), the vector space (IIomc(M^, M^)) {x} 
is the natural object to study. Taking Resa;i of the Jacobi identity we obtain the iterate 
formula: 

Y{Yia,xo)b,X2) 

= Res,, (xo '5 (^^^) Y{a, xi)Y{b, X2) - x^H (^^^) YiP, X2)Y{a, xi)) . 

(1.8) 

Analogously to the classical case we define an action of F as follows: 
F(a,xo) o A{x2) 

= Res,, [x^H (^^^^) ^1)^(^2) - x^^5 (^3^) A{x2)Y{a, xi))(1.9) 

But the right hand side may not exist. Just as in the definition of vertex operator 
algebras we need a certain truncation condition for A{x) so that the Jacobi identity 
really makes sense. On the other hand, just as in the classical case, since we treat A{x) 
as I{u,x) for some intertwining operator I{-,x) and for some u € M^, A{x) should 
satisfy certain properties that I{u, x) satisfies. Based on this philosophy, we introduce 
the notion of generalized intertwining operators. 

A generalized intertwining operator from a F-module to another ^-module 
is an element 4>{x) of (Hom(j(Af^, M^)) {x} satisfying the truncation condition, the 
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isomorphism from Homy(M, G(M^, M^)) onto / 



V 



, the space of intertwin- 



L(— l)-derivative property: [L(—l),(f)(x)] = —(f){x) and the commutativity without 
involving in "matrix-coefficient," i.e., for a €V, there is a positive integer k such that 

(xi - X2)''Y{a, xi)(f){x2) = (xi - X2)'=<^(x2)y (a, xi) (1.10) 

(cf. [DL, formula (9.37)]). These are the main features of an intertwining operator of a 
certain type evaluated at a vector. We prove that G{M^ , M^), the space of all gener- 
alized intertwining operators from to M^, is a (weak) F-module under the action 
(1.9) (Theorem 7.1.6). We prove that for any F-module M, there is a natural linear 

M, 

ing operators of the indicated type. For the special case when = V, we prove that 
G(V,M^) is isomorphic to M as a F-module (Proposition 7.2.3). In general, we prove 
that if V satisfies certain "finiteness" and "semisimplicity" conditions, then there exists 
a unique maximal submodule A(M^,M^) inside the generalized module G{M^ , M'^) 
(Proposition 7.2.4). Under these same conditions, we prove that A(M^, M^) is a tensor 
product module for the ordered pair (M^, (M^)') (Theorem 7.2.6). 

Let V be the vertex operator algebra associated to a standard module of level £ for 
an affine Lie algebra g. Then it has been proved ([DL], [FZ], [L2]) that V is rational 
and that the set of equivalence classes of standard g-modules of level i are exactly 
the set of equivalence classes of irreducible F-modules. These are rigorous results for 
the physical WZW model. In [TK] and many physics papers, an intertwining operator 
I{-,x) is defined to be a linear map from M^(0) to (Homc(M^, M^)) {x} satisfying 
the L(— l)-bracket formula and the commutator formula (1.4) for a G g. It has been 
proved [TK] that such defined an intertwining operator can be uniquely extended to 
an intertwining operator on the whole space (in the sense of [FHL]). This is the 
well-known Tsuchiya and Kanie's nuclear democracy theorem [TK]. 

Suppose V is any rational vertex operator algebra. Let M* {i = 1, 2, 3) be three irre- 
ducible F-modules and let /o(-, x) be a linear map from M^{0) to {RomdM^, M^)) {x} 
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satisfying the truncation condition, the L(— l)-bracket formula and the following con- 
dition: 



for any a e V, where a is viewed as an element of A{V) or g{V)o so that a acts 
on M^(0). Then we prove that there is a unique intertwining operator I{-,x) in the 
sense of [FHL] extending Iq{-,x) (Proposition 7.3.1 and Corollary 7.3.2). Therefore, 
we obtain a generalized version of Tsuchiya and Kanie's nuclear democracy theorem. 
Furthermore, for WZW-models, TK's nuclear democracy theorem [TK] implies that 
the fusion rules in the sense of [FHL] and the fusion rules in the sense of [TK] or [MS] 
are equal. Therefore, it follows from our universal property of a tensor product module 
(in terms of intertwining operators in the sense of [FHL]) that the fusion rules from 
our construction of a tensor product module are equal to those obtained in [TK] and 
[MS]. Even for minimal models, since the corresponding VOA's are rational [W], TK's 
nuclear democracy theorem holds. 

This thesis is organized as follows: In Chapter 2 we study Lie algebras and their 
modules associated to a vertex operator algebra and present some elementary results. 
In Chapter 3 we define the notion of generalized Verma (weak) F-module and give a 
different approach to Zhu's A(y)-theory. In Chapter 4 we give a complete proof for a 
formula of Frenkel and Zhu for fusion rules. In Chapter 5 we formulate a definition of 
tensor product and construct a tensor product module for two modules. In Chapter 6 
we prove the unital property of the adjoint module V and the commutativity of tensor 
products. We also relate our approach to Frenkel and Zhu's theory. In Chapter 7 
we give an analogue of the classical "Hom" -functor and derive a generalized version 
of Tsuchiya and Kanie's nuclear democracy theorem for any rational vertex operator 
algebra. In Appendix A we give an example to show that Frenkel and Zhu's theorem is 
not true in general. In Appendix B we give an example to show that a tensor product 
module of two nonzero modules might be zero. 



[xi - X2) 



,wta— 1 



y(a, xi)Io{u, X2) - {-X2 + xi) 



,wta— 1 



Io{u,X2)Y{a,xi) 




(1.11) 
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Chapter 2 

Lie algebras associated to a vertex algebra 

A vertex algebra is not a classical algebra although it is analogous to a Lie algebra 
and an associative algebra. However there are Lie algebras and associative algebras 
closely related to a vertex algebra. These classical algebras might be useful for the 
study of vertex algebras and representations. For a vertex (operator) algebra V, since 
components of vertex operators are operators on V, which satisfy certain relations from 
the axioms for vertex (operator) algebra, it follows from abstract nonsense that one can 
always get a Lie algebra or an associative algebra in terms some generators and defining 
relations. For instance if wc consider Borchcrds' commutator formula (2.2.6), we get 
a Lie algebra (cf. [FFR]); if we consider the whole Jacobi identity we have Frenkel 
and Zhu's universal enveloping algebra U{V) [FZ]. (Some nonassociative commutative 
algebras such as Griess algebra ([Gri], [FLM2]) and Chevalley algebra [FFR] are also 
related to vertex algebras.) In this chapter we shall study certain Lie algebras and their 
modules related to a vertex (operator) algebra and its modules. Although most of the 
results presented in this chapter are pretty well-known, it is very interesting to apply 
these to some deep theories. 

2.1 Vertex algebras and modules 

In this section we first review some necessary definitions from [B], [FLM2] and [FHL]. 
Then we shall present some elementary results we need later. Throughout this section 
we will typically use the letters a, b, c,... to represent elements of a given vertex 
(operator) algebra V and the letters u, v, w,... to represent vectors of F-modules. We 
use standard notations and definitions of [FLM2], [FHL] and [FZ]. 

The following definition of "vertex algebra" is a combination of Borcherds' definition 
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of vertex algebra [B] and FLM's definition of vertex operator algebra [FLM2]. 

Definition 2.1.1. A vertex algebra is a quadruple {V,Y, l,d) where F is a vector 
space, Y{-,x) is a linear map from V to (Endy)[[x, a;~^]], 1 is a specified element of V 
and d is an endomorphism of V such that the following conditions hold: 

(VI) y(l,x) = idy; 

(V2) Y{a, x)l G (EndF)[b]] and lim Y{a, x)l = a for any aeV; 

(V3) Y(da, x) = ^Y(a, x) for any aeV; 
dx 

(V4) Y{a, x)b G V{{x)) for any a, 6 G F; 
(V5) The following Jacobi identity holds: 

\ XQ J \ XO J 

= x^^s(^^^^)Y{Y{a,xo)b,X2)c (2.1.1) 



X2 

for any o, 6, c G V, where all variables are formal and commuting, and (xj — xj)^ is 
understood to be the formal Laurent series in nonnegative powers of the second variable 
Xj for any integer n, so that the three leading terms are formal Laurent series in formal 
variables xo,xi and X2- For a eV, set Y{a,x) = J2neZ (^nX~'^~^ , which is called the 
vertex operator associated to a. 

This completes the definition of vertex algebra. The following are consequences: 

Y{a,x)b = e^'^Y{b, —x)a {skew symmetry); (2-1-2) 
[Y{a, xi), Y{b, X2)] = Res^,x^^d (^l^'j Y{Y{a, xo)b, X2); (2.1.3) 

\ X2 / 

{commutator formula) 

Y{Y{a, xo)b, X2) = Y{a, xq + X2)Y{b, X2) - Y{b, X2){Y{a, xq + X2) - Y{a, X2 + xq)) 
{associator formula) (2 •1-4) 

for any a,b £ V. 

Definition 2.1.2. A module for a vertex algebra F is a pair {M,Ym) where M is 
a vector space and Ym{-,x) is a linear map from V to (EndM)[[x, x~^]] satisfying the 
following conditions: 

(Ml) YM{l,x)=idM; 



12 



(M2) YM(da,x) = -^YM(a,x) for any a eV; 

ax 

(M3) YM{a, x)u £ M ((x)) for any a G F, u G M; 

(M4) For any a,b £ V,u £ M, the following corresponding Jacobi identity holds: 

Xq^S (— — —] YMia,xi)YM{b,X2)u - Zq^S | _^ilL^i j YMib,X2)YM{a,xi)u 
\ Xo J \ Xo J 

= a:^^s (^1^) YM{Y{a, xo)b, X2)u. (2.1.5) 



X2 

As consequences of the Jacobi identity, we have the following commutativity and 
associativity: For any a,b eV, there is a nonnegative integer k such that for any u E M 

{xi - X2)''YM{a,xi)YM{b,X2)u = {xi - X2)''YM{b,X2)YM{a,xi)u; (2.1.6) 

For any a G V, n G M, there is a nonnegative integer r such that for any b eV 

{xo + X2YYMia, Xo + X2)YM{b, X2)u = {xo + X2YYMiY{a, xo)b, X2)u. (2.1.7) 

For a vertex operator algebra V (wc will recall the definition later), these arc equiva- 
lent to the well-known rationality, commutativity and associativity in terms of "matrix- 
coefficient" ([FHL], [FLM2]). For the purpose of reference we call (2.1.6) and (2.1.7) 
the commutativity and the associativity "without involving matrix-coefficients," respec- 
tively. 

Proposition 2.1.3 ([DL], [FHL], [L2]). The Jacobi identity for a module for a 
vertex algebra is equivalent to the commutativity and the associativity without involving 
matrix- coefficients. 

Definition 2.1.4. A Z-graded vertex algebra is a vertex algebra V together with a 
Z-graded decomposition V = ®„gz^(n) satisfying the following conditions: 

dV(^n) C V(„+i), amV(„) C V(^r+n-m-i) for any m,n,r G Z,a G V"(^). (2.1.8) 

Examples 2.1.5 [B]. Let A be a commutative associative algebra with identity 
together with a derivation d. Define 

Y{a, x)b = (e^'^a) b for any a,beA. (2.1.9) 
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Since d{l) = 0, Y{1, x) = id^- For any a, 6 G ^ we have: 

^y(a, x)b = ^ (e^'^'a) b = (e^'^da) b = Y{da, x)b. (2.1.10) 
By definition, we have: 

Y{a,xi)Y{b,X2) = (e^i''a) {f^'^b) = (e'^'^b) (e^i'^a) = Y{b,X2)Y{a,xi) (2.1.11) 

and 

y(a, xo + 22)1^(6, X2) = (e(^o+^2)<^a) (e^^'^b) 

= e'^'^({f^'^a)b) 

= Y{Y{a,XQ)b,X2). (2.1.12) 

Then it follows from Proposition 2.1.3 that {A,Y,l,d) is a vertex algebra. It is clear 
that a subspace B of A is a vertex subalgebra if and only if S is a subalgebra (contain- 
ing the identity) of the associative algebra A such that the derivation d preserves B. 
Furthermore, let M be a module for A as an associative algebra. Similarly, we define 

YM{a,x)u = {^e^'^aj for a G y,M G M. Then (M, Im) is a module for the vertex 
algebra (^4, y, 1, d). 

Let A and B be commutative associative algebras (with identity) with derivations 
dA and ds-, respectively. Let be an algebra homomorphism from A lo B such that 



il^dA = dBip- Then ^ is a vertex algebra homomorphism from A to B. 

d_ 

By definition, we have: 



In particular, let A = C((i)) and d = —. Then {C{{t)),Y, 1, J^) is a vertex algebra. 



Y{f{t),x)=e-Ttf(t) = f{t + x) for /(t) € C((i)). (2.1.13) 

It is clear that the Laurent polynomial ring Cft,*"-*^] is a vertex subalgebra. For any 
m G Z, we have: 



y(r,x) = (t + xY 





' m 


\ 






\ k=0 







(2.1.14) 



Let d(0) = -t^. Then 
^ ^ dt 



[d{0),d]=d, d{0)e = -ne forn G Z, (2.1.15) 
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and 



m,Y{t^,x)] = [-t-.{t+xr] 




= -mt{t + xr-^ 

= -m{t + x)"^ + mx{t + x)"^-^ 

= (-m)y(f x) + x^Yif^, x). 



(2.1.16) 



Therefore, C[t,t~-^] is a Z-graded vertex algebra. 

We have seen that a vertex algebra constructed from a commutative associative 
algebra with identity together with a derivation satisfies the commutativity (2.1.6) 
with A; = for any two elements a and b. Conversely, if a vertex algebra V satisfies 
the commutativity (2.1.6) with A; = for any a,b e V, then F is a vertex algebra 
constructed from a commutative associative algebra A with identity together with a 
derivation. Even more than this, we have the following proposition, which gives an 
answer to one of the questions raised by Professor Charles Weibel. 

Proposition 2.1.6. Let (y,Y,l,d) be a vertex algebra such that there is a fixed 
nonnegative integer k such that the commutativity (2.1.6) holds for any a, 6 G y. Then 
V is isomorphic to a vertex algebra constructed from a commutative associative algebra 
A with identity together with a derivation. 

Proof. We first prove that under the assumption of this proposition, the commu- 
tativity (2.1.6) holds with A; = for any a,b eV. Let r be the smallest nonnegative 
integer such that (2.1.6) holds with fc = r for any a,b E V. If r > 0, differentiating 
(2.1.6) with k = r with respect to xi we obtain 



r{xi - X2Y ^Y{a, xi)Y{b, X2) + (.xi 



X2y'Y(da,xi)Y{b,X2) 



= r{xi-X2y ^Y{b,X2)Y{a,xi) + {xi 



X2yY{b,X2)Y{da,xi). (2.1.17) 



Then for any a,b E V we have: 



{xi - X2y-'Y{a, xi)y (6, X2) = {xi - X2y-'Yib, X2)Y{a, xi). 



(2.1.18) 
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This is against the choice of r. Therefore the commutativity (2.1.6) holds with k = 
for any a,b eV. In other words, 

o-mbn = bnCim for any a, 6 G V, m, n G Z. (2.1.19) 

Next we define a bihnear product "•" on V as follows: 

a-b = o_i6 for any a,beV. (2.1.20) 

For any a,b eV, by definition we have: 

a-l = a_il = a = l_ia = l-a; (2.1.21) 
a ■ b = a-ib = a_i6_il = 6_ia_il = b-ia = b ■ a; (2.1.22) 

d{a ■ b) = d{a-ih) = a_i(d6) + (da)_i5 = a ■ d{b) + a ■ d{b). (2.1.23) 

Then (F, ■) is a commutative algebra with 1 as its identity and with c/ as a derivation. 
It follows from the definition of vertex algebra that Y{a,x)l = e^'^a for any a G F. 
Then for any a, 6 G F we have: 

Y{a,x)b = Y{a,x)b^il = b-iY{a,x)l = b-ie"^a = (e"Vi) • b. (2.1.24) 

Thus y(a, x) involves in only nonnegative powers of x. This implies that y(a, X0+X2) = 
Y{a,X2 + xq) for any a G F, so that (from the associator formula (2.1.4)) 

Y{a,xo + X2)Y{b,X2)c = Y{Y{a,xo)b,X2)c for any a, 6, c G F. (2.1.25) 

By considering the constant term of (2.1.25) we obtain the associativity a ■ (b ■ c) = 
{a-b)-c. Therefore V is isomorphic to the vertex algebra constructed from a commutative 
associative algebra with identity together with a derivation. □ 

Tensor product vertex algebras 2.1.7. Let {V^,l,di,Yi) and (F^, 1,^2,12) be 
two vertex algebras. Then it is well known ([B], [FHL]) that has a vertex 
algebra structure where Y{u^ (g) u^,x) = Y{u^,x) Y(u'^,x) for any ti* G F*, and 
1 = lyi (8) ly2, cZ = dyi 1 + 1 dyi. (FoT vcrtcx Operator algebras, this was proved 
in [FHL] by proving the rationality, the commutativity and the associativity in terms 
of "matrix-coefficient." For vertex algebras, this can be easily proved by proving the 
commutativity and the associativity without involving matrix-coefficients.) 
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Similarly, if M* is a ^'-module for i = 1,2, then the tensor product space M = 
(8) is a module for the tensor product vertex algebra (g) where 1m (o^ ® 

a^,x) = YMiia\x)(^YM2ia^,x) for a' G V' ([B], [FHL]). 

2.2 Lie algebras associated to a vertex algebra 

In this section, we shall associate Lie algebras go{V) and g{V) to a vertex algebra V 
and study certain of their modules. 

Lemma 2.2.1 [B]. Let {V,Y,l,d) be any vertex algebra. Then the quotient space 
go(F) := V/dV is a Lie algebra with the bilinear product: [a, b] = aob for any a,b eV. 
Furthermore, any V -module M is a go{V)-module with the action given by: au = qqu 
for any a € V^, n G M . 

Afiinization of vertex algebras 2.2.2. Let V be any vertex algebra. Then [B] we 
have a tensor product vertex algebra V = C\t, t~^\ ® V, which is called the afHnization 
of the vertex algebra V. (The affinization of a vertex operator algebra has also been 
used in [HL].) Set d = ^ (g) 1 + 1 ® d. Then from Lemma 2.2.1 go(F) = V/dV is a Lie 
algebra. For any m, n G Z, a G F, by definition we have: 

(t"»0a)„ = Res^x"y(t"* (g) a, x) 

= ReSxX^{t + x)" ® Y{a, x) 




m 



(2.2.1) 



Thus 



m 



[(t"*(8)a),(t"(2)6)] = (i"^(8)a)o(t"(8>6) = ^ | 0^6 (2.2.2) 

i=0 I i 

for any a,b G V,m,n G Z, where "bar" denotes the natural quotient map from V to 
go{V). Therefore, we have: 

Proposition 2.2.3. Let V be any vertex algebra. Then the quotient space g(V) := 
go(V^) is a Lie algebra with the bilinear operation: 
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Remark 2.2.4. Proposition 2.2.3 can also be directly proved by checking the skew- 
symmetry and the Jacobi identity for a Lie algebra. The current approach is suggested 
by Professor James Lcpowsky. In [FFR], it was showed that there was a Lie algebra 
structure on V/dV. But it seems that the existence of a Lie algebra structure on V/dV 
does not obviously follow from their argument. 

Remark 2.2.5. It follows from Proposition 2.2.3 that g{V) is exactly the Lie 
algebra with generators a{n) (linear in a) for a G V, n G Z and with defining relations: 

l(n)=0 if n 7^-1, (2.2.4) 
(da)(n) = -na(n- 1), (2.2.5) 

[a{m),b{n)] = (aj6)(m + n-i). (2.2.6) 

i=0 I i J 

It is clear that 1(— 1) is a central element of g{V). If 1(— 1) acts as a scalar k on 
a (7(y)-module AI, we call M a 5((y)-module of level k. (This corresponds to level for 
affine Lie algebras.) It is clear that any F-module M is a g{V)-m.odu.le of level one, 
where a{m) is represented by a„. It follows from (2.2.5) that t''^~^ (g) a = ^t~^ (8) d^a 
for any n G N. It also follows from (2.2.5) that WWa = for any n G N if da = 0. 



Let C/ be a subspace of V such that V = ker d®U. Since t" n = — 7^*"^^ ® du for 



any n G N, u G f/, we may consider ®U as a subspace of ® U. Let U be the 



union of all i"^ (g) f/ for n > 0. Then it is easy to see that g{V) is linearly isomorphic to 



?7et-i(g)F. 

To summarize, for any vertex algebra V we have two Lie algebras go{V) and g{V) 
which are related by the following inclusion relations: 

go{V) C g{V) ~ go{V) C g{V) C ■ • • . (2.2.7) 

For any F-module M, since M = C[t,t~^ (g) M is a F-module, it follows from 
Lemma 2.2.1 that M is a 5o(^^)-module. By definition M is a g(y)-module of level 

zero with the action given by: 

°° I m 

a{m){e ^u) = J2\ I t""^""' ^ (2-2.8) 
i=0 \ i 
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Even more, we have: 

Lemma 2.2.6. Let V he a vertex algebra, M he a V-module and let z he any 

nonzero complex number. For any a € V,u & M, m,n G Z, we define 

a(m)(r ^u) = f^\ ^m-i^^m-i ^ ^2.2.9) 

i=0 I i J 

Then this defines a g{V)-module (of level zero) structure on M = C[t,t~^] (8) M. 

Proof. Let ^ be the automorphism of the associative algebra C[t, defined by: 
ip{f{t)) = f{zt) for f{t) € C[t,t~^. Given any module U for the associative algebra 
C[i,i~"^], wc denote by U"^ the -i/'-twistcd module for the associative algebra C[t,t~"^]. 
By Examples 2.1.5 U"^ is a module for the vertex algebra C[t, t~^] with the action given 
by: 

Y{f{t),x)u = {e'iif{t)) u = f{zt + x)u (2.2.10) 

for fit) € C[t,t^^],u G U. In particular, Cltjt'^]"^ is a module for the vertex algebra 
C[t,t-^]. Then C[i,t-i]^ (g) M is a F-module, so that it is a g{V) (= £/o(^'))-module 
(of level zero). Then the lemma follows immediately. □ 

Let y be a graded vertex algebra. For each homogeneous element a E V and for 
any n G Z, we define 

deg a{n) = deg (t" (g) a) = wta - n - 1. (2.2.11) 
Then g{V) becomes a Z-graded Lie algebra. We write the homogeneous decomposition 

oo 

as g{V) = ®neZ9iy)n- Set giV)± = ^ g{V)±n- For any 5((y)-module M, we define 

n=l 

n{M) = {ue M\g{V)-u = 0}. (2.2.12) 

Then it is clear that Q,{M) is stable under the action of the "parabolic subalgebra" 
P = g{V)- e g{V)o. Then n{M) is a cj'(F)o-submodule of M. Prom the classical Lie 
algebra theory, there is a one-one correspondence between the set of equivalence classes 
of irreducible lowcr-truncatcd Z-graded 5((y)-modules and the set of equivalence classes 
of irreducible 5(F)o-modules. 
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For homogeneous elements a,b eV, we define 

~ / wta - 1 \ 
[a,b] = Y,\ \aib. (2.2.13) 

i=o\ i J 

Extending [, ] bilinearly toVxV, we obtain a bilinear product on V. 

Proposition 2.2.7. The quotient space V/{d + d{0))V is a Lie algebra with the 
bilinear operation [,] induced by the defined bilinear operation on V x V, which is 
isomorphic to the Lie algebra g{V)o. 

Remark 2.2.8. The Lie algebra g{V)o is exactly the Lie algebra with generating 
space V and with defining relations (2.2.13) and 

[u, a] = or (L(-l) + L(0))a = for any aeV. (2.2.14) 

Remark 2.2.9. It follows from Lemma 2.2.1 that go(y) = V/L{-1)V has a Lie 
algebra structure for any vertex operator algebra V, which is a subalgebra of g{V). It 
is interesting to notice that g{V)Q is isomorphic to go{V). Following [Zhu], we define 

Y[a, x] = Y{a, - l)e^^*" for each homogeneous element aeV. (2.2.15) 

Then Zhu proved that (V, 1, a; — y[-, x]) is a vertex operator algebra isomorphic to 
V. Under this new V.O.A structure, -L(-l) = L{-1) + L(0) and 

a[0]b = Res(l + x)^*"-^y(a,x)6 
wta — 1 ^ 



= E 

1=0 



Oib. (2.2.16) 



/ 



Let U be any 5r(F)o-module. Considering [/ as a P-module, we have the induced 
module U{g) '^u{P) Following Lcpowsky [Lep], we call this module the generalized 
Verma 5'(F)-module with lowest-degree subspace U and denote this module by M{U). 
Let M be any nonzero lower-truncated Z-graded 5(F)-module with lowest-degree k. 
Let J(M) be the maximal graded submodule of M such that M{k) fl J = 0. Set 
S{M) = M/J{M). There is another way [Zhu] to describe J(M) as follows: Let M{kY 
be the dual vector space and let p be the projection of M on M (k) with respect to the 
Z-grading decomposition. Define a bilinear form on M{k)* x M diS follows 

{u',v) = u'{p{u)) for any u' G M{k)*,v G M. (2.2.17) 
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Then 

J(M) = {v e M\{u',yv) = for any u' G M(0)*,y G U{g)}. (2.2.18) 

By definition, S{M) is a lower-truncated Z-graded 3(y)-module with radical being zero. 

Evaluation (7(y)-modules 2.2.10. Let M be a ^-module. Then it is clear 
that M is a 5'(F)-module of level one where a(n) acts on M as for any a e V,n & Z. 
For any nonzero complex number z, let be the evaluation module for the associative 
algebra C[t,t""^] with t acting as a scalar z. Then from Examples 2.1.5 Cz is a module 
for vertex algebra C[t, t~^, so that (g) M is a F-module (where V is the afHnization 
of V). Therefore M is a g{V) = 5o(V')-module (by Lemma 2.2.1). From (2.2.1) 
we have: 

/ 

rn \ 

z'^-'il (g) Uiu) for a G F, M G M. (2.2.19) 



oo 



a(m) • (1 (8) It) = ^ 

1=0 



V 



Therefore (8> M becomes a g(V)-modu\e of level zero. Denote this 5(y)-module by 
Mz (for generic z). If z = a is a specific complex number, we use the notation Mz=a- 

Notice that *a(i) is an infinite sum in g{V) although it is a finite sum 

i=o I z j 

in M after applied to each vector u of M. Due to this reason, we may consider a certain 
completion of g{V). By considering the tensor product vertex algebra C{{t)) 0V we 
obtain a Lie algebra go{C{{t))i^V) (from Lemma 2.2.1). It is clear that this Lie algebra 
is the completion of g{V) with respect to a certain topology for g{V). We denote this 
Lie algebra hy g{V). 

For any f{t) = Y,m>K (^mt"^ € C{{t)), since the following sum: 

E E P = E E r I ^rnZ"^'' (2-2-20) 

m>K \i=0 \ i I I i=0 \m>K \ i I I 

may not be a well-defined element of C((t)), we cannot extend an evaluation g{V)- 
module to be a ^(F)-module. 

Next we define a linear map as follows: 

: C[t, t-^] y ^ (C((t)) ® F) ® (C((t)) ® V); 

fit) (g) a 1 (8) (/(t) (8) a) + {f{z + i) (g) a) O 1. (2.2.21) 
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Proposition 2.2.11. induces an associative algebra homomorphism from U{g{V)) 
to C/(g(F))®C/(g(F)). 

Proof. Define the linear map from C[t, t'^] to C((i)) (^V as follows: 

Al(f(t)^a) = f{z + t)(g)a for fit) eC[t,t-%aeV. (2.2.22) 

Then A^ = A^ (g) 1 + 1 id. Therefore it suffices to prove that A^ induces a Lie 
algebra homomorphism from g{V) to g{V). Let ijjz be the algebra homomorphism from 
C[t,t-^] to C((t)) defined by: = f{z + t) for f{t) £ C((t)). From Examples 

2.1.5 ijjz is a vertex algebra homomorphism from C[t,t~^] to C((t)), so that V'z <8)id is a 
vertex algebra homomorphism from Cfi,*""-*^] to C{{t))iSiV. By definition A^ = V'z'Siid. 
Therefore Aj induces a Lie algebra homomorphism from g{V) to g{V). □ 

Remark 2.2.12. The Hopf-like algebra {U{g{V)),Uig{V)), A^) is implicitly used 
in the construction of tensor product for the representations of the vertex operator 
algebra V (see [HL], [KL] or [MS] for example). 

Remark 2.2.13. For any Lie algebra g, —id is an anti-automorphism. Let a be the 
corresponding anti-automorphism of C/(g(F)) for any vertex algebra. Let F be a vertex 
operator algebra. Then it follows from FHL's contragredient module theory [FHL] that 
the linear map 

9: C[t,t-'^]®V ^C[t,t-'^]®V; 

Yt{a,x) ^ Ft(e^-^(i)(-x-2)^(°)a,x-i) for a G F (2.2.23) 

induces an anti-automorphism of g{V). It follows from [FHL] that d'^ = id. We will 
use the same letter for the anti-automorphism for the Lie algebra g{V) and for the 
universal enveloping algebra U{g{V)). 



22 



Chapter 3 
Zhu's ^(y)-theory 

In [Zhu], Zhu has constructed an associative algebra A{V) for each vertex operator 
algebra V and established a one-to-one correspondence between the set of equivalence 
classes of lower-truncated Z-graded irreducible weak F-modules and the set of equiv- 
alence classes of irreducible yl(F)-modules. The introduction of A{V)-algehTa is both 
conceptually and practically important in vertex operator algebra theory. 

Roughly speaking, Zhu's algebra A(V) comes from all weight-zero components of 
vertex operators. Philosophically, Zhu's ^(y)-theory is analogous to the well-known 
lowest-weight (or degree) module theory for graded Lie algebras and graded associative 
algebras in classical algebra theory. More specifically, let g = ®neZ9n be a Z-graded 
Lie algebra. For any ^o-module U, using the triangular decomposition g = g^Qgo^g^., 
where g± = 0^ig±n, we have the induced module: M{U) = U{g) 'S)u{go+g-) U, which 
is namely called the generalized Verma module (a term introduced by Lcpowsky [Lep]). 
Then M[U) is a lower-truncated Z-graded g-modulc with lowest-degree subspacc U and 
M{U) satisfies a certain universal property. Let J be the maximal graded submodule 
satisfying the condition: JHU = and let L{U) be the corresponding quotient module. 
If U is an irreducible ^o-module, L{U) is a graded irreducible module (i.e., there is no 
nontrivial graded submodule). Then there is a 1-1 correspondence between the set of 
eqTiivalcncc classes of lower-truncated Z-graded irreducible ^(-modules and the set of 
equivalence classes of irreducible g'o-niodules. 

In a parallel way, let A = ©„gz^n be a Z-graded associative algebra with identity. 
Set A± = ©^i^in and Iq = Y^^=i AnA^n- Let A° the quotient algebra of Aq modulo 
the two-sided ideal Jq. Let M = ©J^QM(n + h) be any lower-truncated Z-graded 
A-module. Then IoM{h) = 0. Therefore, M{h) is an yl^-module in the natural way. 
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Conversely, let U be any ^"-module. Since is an ideal of the subalgebra + ^-j 
we may naturally consider [/ as a module for + Form the induced module: 
M(U) = A ®(Ao+A_) U. Then one can prove that M(U) is a graded A-moduIe with 
lowest-degree subspace U. Therefore there is a 1-1 correspondence between the set of 
equivalence classes of lower-truncated Z-graded irreducible A-modules and the set of 
equivalence classes of A°-modules. 

For an A(F)-module U, to construct a module for the vertex operator algebra V, 
Zhu first constructs a "free" space F{U) generated by all symbols a{m) (linear in a G y) 
from U. Then he inductively defines a linear function on U* (8)c -^(^) and he proves the 
rationality, the commutativity and the associativity in terms of "matrix-coefficients." 
Then he proves that a certain quotient space of this free space is a (weak) F-module. 

From Chapter 2 (see also [FFR]) we have a Lie algebra g{V) associated to each vertex 
algebra V. We also have an associative algebra U (V) constructed by Frenkel and Zhu 
[FZ]. The structure of Lie algebra g{V) is pretty clear, but the lower-truncated Z-graded 
5(y)-module theory is not equivalent to the F-module theory because the commutator 
relations (2.1.3) (the defining relations of g{V)) is weaker than the Jacobi identity. On 
the other hand, Frenkel and Zhu's algebra U{V) [FZ] reflects the whole Jacobi relations 
so that the theory of lower-truncated Z-graded ?7(y)-modules is equivalent the theory 
of lower-truncated Z-graded weak F-modules, but U {V) is too abstract to use. 

In this chapter by making use of the Lie algebra g{V) we combine the formal variable 
technique with the notion of generalized Verma module to reformulate Zhu's A{V)- 
theory [Zhu]. More specifically. We first formulate a functor from the category of 
(weak) F-modules to the category of 74(l/)-modules. Then we construct a functor L 
from the category of ^(F)-modules to the category of lower-truncated Z-graded (weak) 
F-modules. We also define the notion of "generalized Verma (weak) module" for a 
vertex operator algebra. 
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3.1 Zhu's 74(y)-algebra and the functor Q 

In this section, we shall review Zhu's construction of A(y)-algebra for a vertex operator 
algebra V and formulate a functor Q, from the category of weak F-modules to the 
category of ^(F)-modules. 

Definition 3.1.1. A vertex operator algebra is a Z-gradcd vertex algebra V = 
®neZ^(n) together with a distinguished vector lo (the Virasoro element) satisfying the 
following conditions: 

(V6) dim V^n) < oo for all n G Z and V^^n) = for n sufficiently small; 

(V7) The Virasoro algebra relations hold: 

[L(m), L(n)] = (m - n)L(m + n) = ^ — ^^Sm+n,o{^s.nkV), (3.1.1) 

where Y{lo,x) = J^neZ L(n)x~"'~'^ and ranky is a constant called the ra?7A; of V; 
(V8) L(0)a = na = {wta)a for a G V(„); 
(V9) Y{L{-l)a, z) = ^Y{a, x) for any aeV. 
This completes the definition of vertex operator algebra. 

Definition 3.1.2. Let 1^ be a vertex operator algebra. A module for V viewed as 
a vertex algebra is called a weak module for F as a vertex operator algebra. A lower 
truncated Z- graded weak F-module is a weak F-module M such there there exists a 
Z-graded decomposition M = ©„6Z-^('^) satisfying the following conditions: 

M{n) = for n suffiently small; (3.1.2) 
amM{n) C M{n + r -m-1) for a G V(r), m, n, r G Z. (3.1.3) 

(This notion is a variant of Prenkel and Zhu's notion of N-graded module [FZ] , where 
N is the set of all nonnegative integers. Note that our definition allows grading-shifts.) 

A module for a vertex operator algebra F is a weak F-module M together with a 
C-graded decomposition M = ©Qgc-^(a) satisfying the following conditions: 

(M5) L{0)u = hu for any u G M(^f^^,h G C. 

(M6) dim M(q,) < oo for any a G C and M(q,+„) = for n G Z sufficiently small. 
If M satisfies all the conditions except (M6) , we call M a generalized F-module (a 
notion introduced by Huang and Lepowsky [HLO]). 
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Prom Chapter 2 we have a Lie algebra g{V)o = V/{L{—1) + L{0))V from all weight- 
zero components of vertex operators, which is exactly the Lie algebra with generating 
space V and with certain defining relations (Remark 2.2.8). 

To get a product for an associative algebra, we naturally come to the associativity 
for vertex operator algebras. Let a and b be two homogeneous elements of V and let u 
be a vector of the lowest weight subspace of a F-module M. Then we have 

Xq^6 (— — —] Y{a,xi)Y{b,X2)u — Xq^6 ( + a^i \ Y(J)^x2)Y{a,xi)u 

\ Xo / \ XQ / 

= X2^S Y{Y{a,xo)b,X2)u. (3.1.4) 

In order to make the second term vanish to get an associative formula, we take Res^j^xf*" 
of the Jacobi identity (3.1.4). Then we obtain 

Res^.xo^d f^LZ^) xf "F(a,xi)y(6,X2)u 
= {x2 + xo)'^''Y{Y{a,xo)b,X2)u, (3.1.5) 

or, equivalently 

(xo + X2r"'Y{a, xo + X2)Y{b, X2)u = {x2 + xo)"""!^ (r(a, xo)b, X2)u. (3.1.6) 

In order to make the left side term be awta-i^'wt&-i'") we take ReSajpReSajjXo ^^2*^"^ of 
the formula (3.1.5). Then we obtain 

Owta-l^'wtfe-l'" 



ReSajgReSajjXQ ^x^''' ^Y{Y{a, xo)b, X2)u 
xf^-^Y{ai-ib,X2)u 



= Resa;2 Yl 

1=0 



^ wta ^ 



= Res^ ^ ^ — o(Y(a,x)b)u, (3.1.7) 

X 

where o(a) = Owta— i- 

Then 

o{a)o{b) = Res^ ^ J — o{Y{a, x)b). (3.1.8) 
This gives the product formula for Zhu's algebra A{V). Furthermore, we can easily get 

o(L(-l)a + L(0)a)o(6) = Res^ ^2 ^(^(°' ^)^)- (^-l-^) 
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Since 

o(L(-l)a + L(O)a) = for any a^V, (3.1.10) 

this gives a necessary relation for A{V). 

Now let us start Zhu's construction of AiV). Let y be a vertex operator algebra. 
For any homogeneous element a and for any 6 G F, following [Zhu] we define 

fl A-xY^^ 

a*6 = ReSa;^^ ^ — Y{a,x)h. (3.1.11) 

Then extend this product bilinearly to the whole space V. Let OiV) be the subspace 
of V linearly spanned by the elements of type 

(1 + x)"*^ 

ReSa; 2 Y{a,x)h for homogeneous elements a, 6 G F. (3.1.12) 

Set A{V) = V/0{V). For any weak F-module M we define 

n{M) = {ue M\g{V)^u = 0}. (3.1.13) 

Theorem 3.1.3 [Zhu]. a) The defined bilinear operation * onV induces a bilinear 
operation on A{V) such that A(V) is an associative algebra with identity 1 and with u 
as a central element. 

b) There is an anti- automorphism (j) of A{V) such that (j){a) = e^(^)(— l)^(°^a. 

c) For any weak V -module M, Q{M) is an A(V)-module. 

Then we have a functor from the category of weak F-modules to the category 
of A(y)-modules. Since {L{-1) + L(0))V C 0{V), A{V) is a quotient vector space of 
g{V)o. Then J7(M) is an ^(F)-module and also a 3(F)o-module. 

As a direct consequence of Zhu's theorem we have: 

Corollary 3.1.4. Zhu's algebra A(V) is the associative algebra with underlying 
space V and with (3.1.10) and (3.1.11) providing its defining relations . 

3.2 The functor L, the generaUzed Verma modules and Zhu's 1-1 cor- 
respondence 

In this section, we shall combine the formal variable technique with the notion of 
generalized Verma module for Lie algebras to give a slightly different construction of a 
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lower-truncated (weak) F-module from an ^(F)-module. This construction gives rise 
to the functor L. We also define a notion of "generalized Verma (weak) F-module." 

For an A(y)-module C/, we first view U as a. g(y)o-niodule through the homomor- 
phism from g(T^)o to A{V)Lie- Then we construct a generalized Verma 5(F)-module 
M{U), which is a lower-truncated Z-graded module with U as its lowest-degree homo- 
geneous subspace. Then the commutativity "without involving matrix-coefficients" and 
the L(—l) -derivative property automatically hold. Next we consider the quotient g{V)- 
module L(U) of M(U) by modulo the maximal graded submodulc J such that JOU = 0. 
Prom our analysis in Section 3.1 for the product formula of A{V), A{y)-modu[e struc- 
ture on U is an associative relation. Using this initial data and an induction we prove 
the associativity for vertex operators acting on the whole space L{U). Combining the 
commutativity with the associativity we obtain the Jacobi identity, so that L{U) is a 
(weak) l/-module. 

Throughout this section, V will be a fixed vertex operator algebra and g = gj^ ® 
go © 5_ will be the corresponding Lie algebra. 

Lemma 3.2.1 Let A{V)Lie be the Lie algebra of A{V). Then the identity endo- 

morphism ofV induces a Lie algebra homomorphism from g{V)o onto A(y)Lie- 
Proof. From Lemma 2.1.3 [Zhu], for any a,b & V we have: 

a*b-b*a = Res^{l + x)'"^''-^Y{a,x)b modO{V). (3.2.1) 

Then a*6-6*a = [a, 6] modO{V). □ 

By Lemma 3.2.1, for any 74(y)-module U, we may naturally consider [/ as a Lie 
algebra g{V)o-module. Furthermore, we may naturally consider U as a module for 
P = {g{V)o © g{V)-). let M{U) = U{g(y)) <^u{p) U be the generalized Verma module. 
Then M{U) = U{g+) ®U = ®'^^QU{g+)mU , so that we may consider M{U) as a Z- 
graded (7-module with U as its lowest-degree subspace. Let J be the maximal graded 
submodule such that J fl C/ = and let L{U) be the corresponding quotient module of 
M{U). 

Proposition 3.2.2. For any homogeneous elements a, 6 G F and for any u' G 
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U*,u EU,i E Z+, we have: 

{u', {xo + X2r"'+'Y{a, xo + X2)Yib, X2)u) = {u', {X2 + xoV'^+'YiYia, xo)b, X2)u). 

(3.2.2) 

Proof. By the analysis in Section 3.1, we see that the A(F)-module structure on 
U is equivalent to 

ReS:roReSa:2a;o ^(a^o + X2)^"-x^^-'^Y{a, xq + X2)Y{b, X2)u 
= ReSa;oReSa;2Xo ^(xo + X2Y^"-xf''-^Y{Y{a, xo)b, X2)u. (3.2.3) 

Since {u' , L{U){n)) = for n 7^ 0, we have: 

Res^oa;o ^(xo + X2)'"^''{u', Y{a, xq + X2)Y{b, X2)u) 
= Kes^,x^\xQ + X2y'^''{u',Y{Y{a,XQ)b,X2)u). (3.2.4) 

Since L{U) is a g'-module, for any i,j G Z_|_, by the commutator formula we have: 

Res^oX'o(xo + a;2)^*"+^V(a, xq + X2)Y{b, X2)u 
= 'RgSxq^qsx^Xqx'^^'^^-' Xq ^5 ( — ^ ) y(a, xi)y(6, X2)u 

= Res^oRes^i4a;f "+^Xo^(5 f ^^~^A Y{a,xi)Y{b,X2)u 

\ Xo J 

—ReSxoReSxiXQxY^'^^'^ XQ^d | _^lJl_^ j Y(b,X2)Y(a,xi)u 

\ Xq y 



= Res^i(xi - X2)Vf "+^[y(a,xi),y(6,X2)] 



u 



ReSa;oReSa;iXQx7*""'""'xQ ^6 ( — — — ) Y{Y{a, xo)b, X2)u 

\ X2 J 

Res,oRes,,x^xf "+^xr^<5 (^^^) ^(^(«' ^0)6,^2) 



Since 



= Res^oX^(x2 + xo)^'"+'y(F(a, xo)6, X2)n. (3.2.5) 

Resa^o^o ^(xo + X2)'^"+^(n', y(a, xo + X2)y(6, X2)«) 

x^-^xi'^XQ + X2)^*"(tx', y(a, xo + X2)y(6, X2)tx) 




= xl-^x>2-\x2 + xor'''{u\Y{Y{a,xo%X2)u) 

r=0 y y 

= Res,;oXoH^2 + xo)"*"+-'(tx',y(y(a,xo)6,X2)w), (3.2.6) 
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then for any i, j G Z_|_ we have: 

Res^,Xo^+\xo + X2)'"'''+^{u',Y{a,xo + X2)Y{b,X2)u) 
= Res^,Xo^+\x2 + xo)'^'''+^{u',Y{Y{a,xo)b,X2)u). (3.2.7) 

Suppose that A; is a positive integer such that 

Res^,x^{xo + X2r"'+'{u',Y{a,xo + X2)Y{b,X2)u) 
= Res^,x^{x2 + xo)'^''+^u',Y{Y{a,xo)b,X2)u) (3.2.8) 

for any a,b e V,u' £ U* ,u £ U,j E Z+ and for any n > —k. Then 

Res^,x^''{xo + X2r"'+'+\u',Y{L{-l)a,xo + X2)Y{b,X2)u) 
= Res^oXo'=(a;2 + xo)^"+^+^(u',y(y(L(-l)a,xo)6,X2)«). (3.2.9) 

Since 

Res^,Xo''{xo + X2r'''+'+\u',Y{L{-l)a,xo + X2)Y{b,X2)u) 
= -Res^o {-^^"'oH^o + X2)^"+^+') {u', y (a, xo + X2)Y{b, X2)u) 
= Res^,kxo''-\xo + X2r"'+^^\u',Y{a,xo + X2)Y{b,X2)u) 

-Res^o (wta + j + l)^^ ^(xq + X2)'^"''^^ {u', Y{a, xq + X2)Y{b, X2)u) 

= ReS:aokXQ''~'^X2{xo + X2r^''^^u',Y{a,Xo + X2)Y{b,X2)u) 

+Res^okxo''x2ixo + X2r^"'^^ {u' ,Y{a,xo + X2)Y{b,X2)u) 
-Res^o(wta + i + 1)xq\x2 + xo)'^^+^u' ,YiY{a,xo)b,X2)u) 

= Res^„kx^''-^X2{xo + X2y^''+^ {u' ,Y{a,xo + X2)Y{b,X2)u) 
+Res^,kxo^X2ix2 + xo^^+^iu', Y{Y{a,xo)b,X2)u) 

-Res^o(wta + i + l)x^\x2 + xq)'^''+^u' ,Y{Y {a, xo)b,X2)u), (3.2.10) 

and 

Res^,x^''{x2+xor'''+^+\u',Y(Y{L{~l)a,xo)b,X2)u) 
= -Res^o {'^^^oHx2 + xo)^"+^+^) {u', Y{Y{a, xo)b, X2)u) 
= Res^,kxQ''-\x2 + xor'''+^+\u',Y{Y{a,xo)b,X2)u) 
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-Res^o(wta + j + l)xo'=(x2 + xo)^"+^(u',y(y(a,xo)6,X2)«) 

= Res^,kx2XQ''-\x2 + xor"'+Hu',YiYia,xo)b,X2)u) 
+Res^^kxQ\x2 + xo)^*"+^' {u', Y{Y{a, xo)b, X2)u) 

-Res^o(wta + j + l)x^^{x2 + xo)^"+^ (ti', Y{Y{a, xo)b, X2)u), (3.2.11) 

then (3.2.8) holds for —k — 1. Thus by mathematical induction (3.2.8) holds for any 
integer k. Therefore (3.2.2) holds. □ 

Proposition 3.2.3. Let M be a restricted g{V)-module of level one and let U be a 

subspace of M satisfying the following conditions: 
(a) M = U{g{V))U; 

(6) For any a E:V,u E U, the following associativity holds for the pair {a,u), i.e., 
there is a positive integer k such that 

{xq + X2)''Y{a, xo + X2)Y{b, X2)u = {xq + X2fY{Y{a, xo)b, X2)u (3.2.12) 

for any b &V. Then M is a weak V -module. 

Proof. Since the vacuum property and the L(—l) -derivative property have already 
been built to the g'(F)-module structure on M, we only need to prove the Jacobi iden- 
tity. Since the Jacobi identity is equivalent to the commutativity and the associativity 
"without involving matrix-coefficients" (Proposition 2.1.3), and the commutativity has 
been built to the g(F)-module structure, thus we only need to prove the associativity. 

Let W be the subspace of M consisting of vectors u satisfying the associativity 
condition (b) for any a eV. Let u eW,c eV and let n be any integer. For any a eV, 
let iV be a positive integer such that c^a = for i > N. Since u G W, there is a positive 
integer k such that 

(.Xo + X2)^Yic,a, Xo + X2)Yib, .X2)c„tx = (xo + X2)^T(y (qo, xo)b, X2)^/(3.2.13) 
(xq -I- X2)^Y{a, Xo + X2)Y{cib, X2)cnU = (xq -I- X2)''Y{Y{a, xo)cib, X2)u(3.2.14) 

for any b &V and for any nonnegative integer i. Choose K such that K > k,k + N — n. 
Then 

(xq + X2)''^V(a, Xq + X2)Y{b, X2)CnU 



{xo + X2)^CnY{Y{a, Xo)b, X2)u 

{xq + X2Y~'^{xq + X2)^Y{cia, Xq + X2)Y{h, X2)u 

X2^\xo + X2)^Y{a, Xo + X2)Y{cih, X2)u 

^y(y(a,^co)6, X2)u 
X2~^{xq + X2)^Y{Y{a, xo)cib, X2)u 

{xo + X2y'^\xQ + X2)^Y{Y{cia, xo)b, X2)u 



a;^~*(xo + X2)^Y{ciY{a, xo)b, X2)u 
X2~\xo + X2)^Y{Y{a, xo)cib, X2)u 
(xo + X2y''\xo + X2)^Y(Y{cia, xo)b, X2)u 



oo 

-E 


/ 

n 


1=0 


[ ' 


oo 


(: 


i=0 




{xo + X2)^ 


oo 


(: 






oc 


(; 


i=0 




{xo + X2)^' 


oo 

+E 


/ 

n 


i=0 


I ^ 


oo 

-E 


/ 

n 


i=0 


[ ' 


oo 


(: 


i=0 





{X0 + X2) Y{Y{a,xo)b,X2)cnU 

+ EE 11^ I a;o~*a;2~-'(a;o + a;2)^y(F(cia,xo)6,X2)'u 

j=Oi=0 \ j 



oc 



n 



-E (a;o + a;2)" '(xq + X2)^r(r(cia,xo)5,a;2)u 

(xo + X2)^Y{Y{a, Xo)b, X2)CnU 

I 



00 


i 




EE 


j=Oi 


=0 




00 


f" 




E 




) 


j=0 


I ' 





n — I 



Xq ^X2 ^{xo + X2)^Y{Y{cia,xo)b,X2)u 



\ J -^ 

{xo + X2r~'{xo + X2)^Y{Y{cia, xo)b, X2)u 
= {xo + X2)^Y{Y{a,xo)b,X2)cnU- (3.2 
Then the associativity for (o, c„w) holds. It follows from (a) and (b) that M = 
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Therefore, M is a weak ^-module. □ 

The fohowing Proposition is similar to Proposition 3.2.3. 

Proposition 3.2.4. Let M = X)neN M{h + n) be a lower-truncated Z-graded g(^)- 
module of level one. Let p be the projection map from M onto M{h) and define 



Suppose that the following conditions hold: 

(a) M = U{g{V))M{hy, 

(6) For any a E:V,u & M{h), there is a positive integer k such that 

{u, (xq + X2)''Y{a, xq + X2)Y{b, X2)u) = {u, ,xo)b,X2)u) (3.2.17) 

for any b E: V,u' E M{h)* . Then for any a & V,u € M, u' € M{h)* , there is a positive 
integer k such that (3.2.17) holds. 

Proof Let W consist of each u E M such that for any a E V,u' E M{h)* , there is a 
positive integer k satisfying (3.2.17) for any b eV. Then it is equivalent to prove that 
W = M. First W contains M{h) by (b). It follows from PBW theorem and (a) that 
M = U{g{V)+)M{h). Then it is sufficient to prove that g{V)+W CW. Let u G W 
and c G V(^^),n G Z such that degc„ = m — n — 1>0. Let a,b e V,u' E M{h)*. Then 



{u', u) 



u'{p{u)) for u' G M{h)*,u G M. 



(3.2.16) 



we have: 



{u', {xq + X2)^Y{a, Xo + X2)Y{b, X2)CnU) 
= {u', (xo + X2)''CnY{a, Xo + X2)Y{b, X2)u) 




oo 

E 

1=0 



\ ' J 



x^ \xo + X2)''{u',Y{Y{a,xo)cib,X2)u) 
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= -E \{xo + X2)''+''-'{u',Y{Y{cia,xo)b,X2)u) 



+ \x^-\xo + X2)''xy{u',Y{Y{cja,xo)b,X2)u) 

i=Oj=o y i J \j J 



-E ^2 \xQ + X2)''{u,Y{ciY(a,XQ)b,X2)u) 




= (Xo + X2)^{u' , Y{Y{a, Xo)b, X2)CnU) - {xq + X2)^{u' , CnY{Y{a, Xo)b, X2)u) 




(3.2.18) 



Thus g{y)j^W C W. Therefore, the proof is complete. □ 

Proposition 3.2.5. Let M be a g{V)-module satisfying the assumption of Proposi- 
tion 3.2.3. Then for any y G C/(g(y)),a G y,M G M, there is a positive integer k such 
that 

{u', {xo + X2 fy ■ Y{a, xq + X2)Y{b, X2)u) = {u', {xq + X2)''y ■ Y{Y{a, xo)b, X2)?^;8.2.19) 

for any b eV,u' e M{h)*. 

Proof. Let L be the subspace of U{^{y)) consisting of each y satisfying (3.2.19). 
Let y & L, let c be any homogeneous element of V and let n be any integer. Then 



Using the same method we used in the proof of Proposition 3.2.3, we find that ycn G 
L. Since U{g{V)) is generated by all such c„'s, L = U{g{V)). Then the proof is 
complete. □ 

The following theorem is a different formulation for Zhu's construction of a Z-graded 
F-module with the lowest-degree subspace U from an A(y)-module U. 



{u', yCnY{a, xq + X2)Y{b, X2)u){xo + X2)^ 
°° ( n \ 

E i^o + a;2)'=+"~^(u', yY{cia, xq + X2)Y{b, X2)u) 

1=0 \ i J 




+{xo + X2)''{u',yY{a,XQ + X2)Y{b, X2)cnu). 



(3.2.20) 
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Theorem 3.2.6. Let U be any A{V) -module. Then L(U) is a lower-truncated 
Z-graded weak V -module. 

Proof. It follows from Proposition 3.2.4 and [LI] or the Proposition 3.1.1 [FHL] 
that 



for any u' E U,y U{g{V)), v G M (U) and for any elements a,b &V. By the definition 
of L{U), we obtain the Jacobi identity for a ^-module. Therefore, L{U) is a weak 
F-module. □ 

Theorem 3.2.6 gives a functor L from the category of ^(F)-modules to the category 
of lower-truncated Z-graded weak F-modules. 

Remark 3.2.7. Let U be an A(y)-module and let W be the subspace of M[U) 
linearly spanned by the coefficients in the following expressions: 



(xo + a;2)"*"-^y (a, xq + X2)Y{b, X2)u - {x2 + xo)"*^"^^ (a, xo)6, X2)u (3.2.22) 



for any homogeneous elements a, 6 G F and for any u E U. Let M{U) be the quo- 
tient g{y)-va.od\Ae of M{U) modulo U{g(y))W . It follows from Theorem 3.2.6 that 
U{g{V))W is a graded g(F)-submodule of J. Then by Proposition 2.1.3 M{U) is a 
lower-truncated Z-graded weak F-module. It is clear that M{U) satisfies the following 
universal property: 

Corollary 3.2.8. Let M be any weak V -module and let (p be an A{V)-module 
homomorphism from U to il{M). Then there exists a unique V -module homomorphism 
4> from M{U) to M extending (f). 

Prom Corollary 3.2.8, M{U) is a universal object. Prom this we call M{U) the 
generalized Verma (weak) V -module with lowest-degree subspace U. 



Proposition 3.2.9. Let U be an A{V) -module on which L(0) acts semisimply. 
Then ^{L{U)) = U. 





^ {u',y ■ Y{Y{a,xo)b,X2)v) 



(3.2.21) 
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Proof. Suppose U is a, direct sum of ^(F)-modules 17°' Then from the 

construction of L{U) we have: L{U) = ®ae^L,{U°'). Thus it suffices to prove this 

proposition for U on whicli L{0) acts as a scalar h. If L{0) acts on U as a scalar h, 
L(0) acts on U{g^)nU as a scalar n + h for any ri G N so that any submodule of L{U) 
is a graded submodule. Since L(0) acts semisimply on r2(L(C/)), we have:r2(L(i7)) = 
©~=o^(^(t^))n+/., where 

^{L{U))n+h = {ue ^{L{U))\L{Q)u ={n + h)u}. (3.2.23) 

By the definition of L{U) we have VL{L{U))q = U. If Q,{L{U))n+h 7^ for some positive 
integer n, then U{g)U{L{U))n+h = U{g-\-)n{L{U))n+h is a F-submodule of L{U) with 
lowest weight n + h. This is against the definition of L(U). Thus J7(L(C/))„+/i = for 
n > 0, so that ^{L{U)) =U. □ 

Lemma 3.2.10. Let U be an irreducible A{V)-module on which L{0) acts as a 
scalar h. Then L{U) is an irreducible generalized V -module with lowest weight h. 

Proof. Since L(0) acts on [/" as a scalar h, L(0) acts on U{g+)nU as a scalar 
n + h ioY any n G N so that any submodule of L{U) is a graded submodule. Then 
the irreducibility of L{U) follows from the irreducibility of U and from the definition of 
L{U). □ 

Corollary 3.2.11. Let U he a completely reducible A{V)-module on which L(0) 
acts semisimply. Then L(U) is a completely reducible generalized V -module. 

Lemma 3.2.12. Let M be an irreducible generalized V-modules with lowest weight 
h. Then ^(M) = M^i^-^ is an irreducible A{V)-module. 

Proof. Suppose that M is an irreducible F-module with lowest weight h. It follows 
from the proof of Proposition 3.2.9 that J7(M) = M(/j). Let U be any nonzero A(y)- 
submodule of M(/i). Then U{g)U = U{g-^-)U is a nonzero F-submodule of M with 
lowest-weight subspacc U. Then M = U{g)U, so that U = M. Thus 0(M) is an 
irreducible A{V)-in.odule. □ 

Corollary 3.2.13. Let V be any vertex operator algebra and let M is a completely 
reducible V-module. Then LQ{M) = M. 

Proof. Suppose M = QaG^M", where M°' is irreducible. Since J2M = ©ag$0(M°), 
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LQM = ®ae^LCl{M°'). Thus it suffices to prove that LQ{M) = M for any irreducible 
y-module M. This follows from Lemmas 3.2.10 and 3.2.12 immediately. □ 

Definition 3.2.14 [Zhu]. A vertex operator algebra V is said to be rational if any 
lower-truncated Z-graded weak F-module M is completely reducible. 

Theorem 3.2.15 [Zhu]. Let V be a rational vertex operator algebra. Then A{V) 
is semisimple. 

If V is rational, then M{U) is completely reducible. In particular, if U is an irre- 
ducible ^(y)-module, M{U) is an irreducible V-module so that M{U) = L{U). (To be 
safe, we should say that M{U) is a generalized F-module because we don't know if its 
homogeneous subspaces are finite-dimensional). 

Remark 3.2.16. As has been noticed by [Lian], the construction of 74(F)-algebra 
works for general graded vertex algebras. Let (y, y, l,(i) be a graded vertex algebra 
constructed from a Z-graded commutative associative algebra A (with identity) with 
a derivation d. Since a„ = for any a G V, n G Z+ , for any homogeneous elements 
a, 6 G ^, we have: 

Res^ ^ J Y{a,x)b = a^ib = ab; (3.2.24) 

(1 -|- x)^^^"" 

KeSx 5 Y(a,x)b = a_26 + (dega)a_i5 

x^ 

= (da) -lb + {deg a) a -lb 

= {da + d{0)a)b. (3.2.25) 

Then 0{V) = A{d + d{0))A, so that A{V) = A/A{d + d{0))A (the quotient algebra of 
A modulo the ideal A{d + d{0))A). For an ^(y)-module U, since g{V) is an abelian Lie 
algebra, it follows from the construction of L{U) that gj^U{gj^)U = so that L{U) = U. 
Therefore Y{a,x) = ax"^*^^" acting on L{U) for any a &V. For the ^(F)-module U, 
we may consider U as an ^-module. Then from Examples 2.1.5 we have a vertex algebra 
module structure on U. But this module structure is different from the last one because 
Y{a,x)u = (e^^a) u may have infinitely many terms. 
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Chapter 4 
Frenkel and Zhu's fusion rule formula 



The notion of intertwining operator and the notion of fusion rule have been defined by 
Prenkel, Huang and Lepowsky [FHL]. The notion of intertwining operator is a gener- 



ic 



ahzation of the notion of ^-module so that for a ^-module {M,Ym), the hnear map 

/ 

^m('5 x) is a special intertwining operator of type 

V V,M 

ory has been generalized to a A{M) theory to determine intertwining operators among 



. In [FZ], Zhu's A{V) the- 



three arbitrary irreducible F-modules. 

In Chapter 3 we have seen that Zhu's A{V) algebras comes from the weight-zero 



components of vertex operators. Let F be a vertex operator algebra, (i = 1, 2, 3) be 

. In 



three ^-modules and let I{-,x) be an intertwining operator of type 

this general situation, we cannot talk about weight-zero homomorphisms from to 
because the weights of may not be congruent to the weights of modulo Z. 
But if each M* is irreducible, we may talk about degree-zero homomorphisms from 
to M^. Similar to A{V), for an irreducible F-module M, A{M) is resulted from the 
consideration of degree-zero components of intertwining operators. This time, A{M) is 
a A(y)-bimodule for an F-module M. 

Roughly speaking, in Zhu's A(y)-theory, for a F-module M, the F-module struc- 
ture on M is uniquely determined by a linear map from ^(F) (g) M(/j) to M(/j), which 
is characterized by an A(y)-module structure on M(/j). Conversely, given an A{V)- 
module U or a linear map from A{V) ®U to U satisfying certain conditions, by Zhu's 
construction theorem [Zhu] or Theorem 3.2.6 we can obtain a ^-module M with lowest- 
weight subspace U . In Frenkel and Zhu's ^(M)-theory, an intertwining operator of 



38 



I M3 

type 



V 



is uniquely determined by a linear map from A{M^) (g) ^ to 

]^fh^y This linear map can be characterized as an A{V)-m.od\\\.e homomorphism from 
A{M^) ®A{V) ^{h2)^lh3)' Conversely, for an given A(y)-modulc homomorphism from 
A{M^) (8)A(y) M^f^^^ to M^^^^^ or a linear map from A{M^) M^^^^^ to M^^^^^ satisfying 
certain conditions, Theorem 1.5.3 [FZ] says that we can have an intertwining operator 
of the corresponding type. It was believed that Theorem 1.5.3 [FZ] could be proved 
by using the similar method used in Zhu's ^(y)-theory [Zhu]. As a matter of fact, 
the situation for intertwining operators of arbitrary type is quite different from (and 
much more complicated than) the situation for modules and Theorem 1.5.3 [FZ] is not 
true in general without assuming certain conditions. In appendix A we will give a 
counterexample to show this. 

In this chapter we first review Frenkel and Zhu's construction of the yl(F)-bimodule 
A{M) for any F-module M. Then we prove that Theorem 1.5.3 [FZ] is true if and 
(M^)' are generalized Verma modules for V. Especially, if V is rational. Theorem 1.5.3 
[FZ] is true. Our proof is a sort of generalization of Tsuchiya and Kanie's approach 
for WZW model [TK]. It is not unexpected that our tensor product construction in 
Chapter 5 enters the proof. 

Throughout this chapter, V will be a fixed vertex operator algebra and g{V) or 
briefly g will be the corresponding Lie algebra with the triangular decomposition: g = 
g+ ®go®g-. 

4.1 Intertwining operators and fusion rules 

In [FHL], they introduced the notions of intertwining operators and fusion rules. They 
also introduced the notions of adjoint and transpose intertwining operators under the 
assumption that the three modules have integral weights and proved certain symmetric 
properties for fusion rules under the same condition. These notions and results are 
fundamental in vertex operator algebra theory. 

In this section we shall first recall the definition of an intertwining operator of a 
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certain type for three F-modules [FHL]. Then we define the transpose and the adjoint 
(later renamed as contragredient [HL2]) intertwining operators for three arbitrary ir- 
reducible y-modulcs without assuming the intcgrability condition and wc prove that 
they are intertwining operators. Then we prove the symmetric property for fusion rules. 
These slightly generalize Frenkel, Huang and Lepowsky's results in [FHL]. The same 
results have also been obtained in [HL2] by using a different approach. 

Definition 4.1.1. Let M^, and be three F-modules. An intertwining 



operator of type 



is a linear map 



I{;x): ^ (Hom(M2,M^)){x}, 



I{u,x) = ^ UaX " ^ (4.1.1) 

satisfying the following conditions: 

(11) For any fixed u G M^,v G M^, a G C, Ua+nV = for m G Z sufficiently large; 

(12) I{L{-l)u,x)v = ^I{u,x)v for ueM^,ve M^; 

(13) For a G V, n G M^, v G M^, the following Jacobi identity holds: 

1^ ( — — — ) Y(a, xi)I(u, X2)v — x^^d ( — — — ) I(u, X2)Y(a, xi)v 
\ xo J \ -xo J 

= x^^6(^^^^^y{Y{a,xo)u,X2)v. (4.1.2) 



Denote by / 



the vector space of all intertwining operators of the in- 



V 



dicated type and we call the dimension of this vector space the fusion rule of the 
corresponding type. 

Let M = 0aeC-^(a) be any F-module. For any complex number h set = 
®neZ-^(a+n)- Then is a submodule of M for any a G C and M°= = if and only 
ii a — P G Z. Then we have a canonical decomposition for M: 

M = ®-h^c/zM~^ (4.1.3) 

Let S be the set of equivalence classes of F-modules such that all weights are congruent 
modulo Z. Then any F-module is a direct sum of F-modules from S. Let M be a 
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y-module in S with lowest weight h. Then M = ©neN-^(?i+n) so that M is a lower- 
truncated Z-graded module. Set M(n) = M(^n+h) for any n G N. For convenience, 

following [FZ], we call M(n) the degree n subspace of M and wc define 



degu = n for any u G M{n) = M(„+^^, n G N. 



(4.1.4) 



The following proposition is quoted from [FZ]. 

Proposition 4.1.2. Let = 0^oM*(n) {i = 1,2,3) be three V -modules in S 
such that -^(0)|jv^i(„) = {hi + n)id (z = 1, 2, 3) and let /(■, x) he an intertwining operator 



of type 



Then 



r{u,x) ■-x^^+^^-^U{u,x) G (Hom(M^M^))[[2;,x-^]]. 



(4.1.5) 



Set I°{u, x) = Y^n^z u{n)x " ^. Then for every homogeneous u G M^,m, n G N, 

u{n)M'^{m) C M^{m + degu-n- 1). (4.1.6) 



In particular, 



■u(deg u + m + i)M'^{m) = for all i > 0. 



The following lemma is a simple corollary of Schur's lemma. 
Lemma 4.1.3. If M is an irreducible V -module, then I 



( M ^ 



(4.1.7) 



V 

In particular, ifV is simple, then I \ | = CY(-,x). 

V,V 

Proof. Let /(•, x) be any intertwining operator of type 



/ 



M 



V,M 



. Since -^1(1, x) = 

ax 



I{L{— 1)1, x) = 0, I{l,x) is a constant. Since Ojl = for a G F, i G Z_|_, by taking 
ReSj;,, of the Jacobi identity (4.1.2), we get [I {1, xi) ,Y {a, X2)] = for all a E V. Then 
7(1,2:) is a F-module endomorphism of M. By Schur's lemma, I{l,x) is a scalar aid. 
Set I^{-,x) = aYM{-,x) — I{-,x). Then I^{-,x) is an intertwining operator of type 

and 1^(1, x)M = 0. Since AnnyM = {a G V\I^{a,x)M = 0} is an ideal of 



M 



V,M 



V containing 1, I^{-,x) = 0. Thus I{-,x) G CYm{-,x). □. 
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Next we shall define the notion of adjoint and transpose intertwining operators 
without assuming the integrability condition assumed in [FHL] . 

Let M* (i = 1, 2, 3) be F-modules from the set S with lowest weights hi {i = 1, 2, 3), 



respectively. Let I{-,x) be an intertwining operator of type 
[FHL] or [FZ], we have 



2 



. Then by 



I{u^,x) = J2 ulx-""'^ = J2 u\n)x-''-^ (4.1.8) 

n6/i+Z nsZ 

for any G M^, where h = hi + h2 — h^. Therefore u}{m) is a homomorphism from 
to of degree (dcgu^ — m — 1) for any homogeneous element of M^. Then 
x) = x^I{-, x) (defined in Proposition 4.1.2) involves only integral powers of x and 

still satisfies the Jacobi identity and the truncation condition. The transpose operator 

P{-,x) is defined by: 

/*(u^x)^^^ =x-V^(-^)7°(u\-x)n2 (4.1.9) 

for G M^jU^ G M^, where /i = /ii + /12 — /13 is defined as before. The adjoint operator 
I'{-,x) is defined by: 

/'(•, x) : ® {M^y {M^y{x} 

(7'(tx\x)(tx^)', u^) = a:-2'^i((n=^)', r(e^-^W(-x-2)^(°)-'*iu\ x-^X*«^^10) 

for G M\u'^ G M^, («3)' G (M^)'. 

Proposition 4.1.4. T/ie transpose operator P{-,x) and the adjoint operator I' {■, x) 
are intertwining operators of corresponding types. 

Proof. The proof of Theorem 5.5.1 [FHL] works if we make a slight change. First it 
is easy to see that I°{-,x) satisfies all the axioms of an intertwining operator except the 
L(— l)-derivative property. It follows from the 53-symmetry that x^^P{-,x) satisfies 
the Jacobi identity. Then P{-,x) satisfies the Jacobi identity. Since 

I{L{-l)u^,x)u^ = ^I{u^,x)u'^ 

= -hx-''-^r{u\xy + x-''-^I%u\x)u'^, (4.1.11) 
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we obtain 



riL{-l)u\x)u'^ = -hx-^F{u\x)u^ + j^F{u\x)u^. 



Or equivalently 



Then 



F{L{-l)u\ -x)u^ = hx-^r{u\ -x)u^ - ■^I"iu\ -xW- 



(4.1.12) 



(4.1.13) 



dx 



l\u'^,x)u^ 



+x-^e''^'^-^^L(-l]r(u\ + x-^e-'^^-^^^r(u\ -x)u^ 

dx 



= x-V-^(-i)(L(-l)r(«\ -)u2 - r(L(-l)u\ -x)u2) 

= x-V-^(-i)/°(7/,-x)L(-l)^/2 

= I\L{-1)u^,x)u^. 



(4.1.14) 



(4.1.15) 



M3 



Therefore P{-,x) is an intertwining operator of type 

Similarly, one can check the -L(— l)-derivative property for the adjoint operator 
I'{-,x). For the Jacobi identity we only need to follow FHL's original proof using the 
Sa-symmetry for I{-,x) and the conjugation formula for V. □ 

Corollary 4.1.5. Let M' (i=l,2,3) be V -modules from S. Then 



( 



dim/ 



dim/ 



M3 



= dim/ 



dim/ 



M3 
(M2)' 

M1,(M3)' 



(4.1.16) 



(4.1.17) 



Proof. It directly follows from (/*)*(-, x) = /(^x) and (/')'(•, x) = I{-,x). □ 

Remark 4.1.6. Let (z = 1,2,3) be any ^-modules. Then = ®ftec/z(^*)^ 

/ 



Let I{-,x) be an intertwining operator of type 



M3 



Then 



/(•,a;) = ®a,A7GC/z^s,^(->a;) 



(4.1.18) 
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where l2 J-,x) is an intertwining operator of type 



^ (M3)7 



. Define 



v 



= ©^,A7ec/z * (4.1.19) 



Tlien is an intertwining operator of type | | . (Since the decomposi- 

tions for are canonical, P{-,x) is well-defined.) Therefore, Corollary 4.1.5 is true 
for any modules. 

4.2 Prenkel and Zhu's formula for fusion rule 

In this section we shall first review Frenkel and Zhu's construction of the A(y)-bimodule 
A{M) for any F-module M. Then we prove that Frenkel and Zhu's theorem is true 
under a certain condition. 

Let M be a F-module. Recall from [FZ] that 0{M) is the subspace of M linearly 
spanned by all elements: 

(1 + x)^*" 

R-eSa; 2 Y{a,x)u for any homogeneous a G V, n G M. (4-2.1) 

The left and right actions of F on M are defined as follows: 

a-u = Resa;- Y{a,x)u, (4.2.2) 

u-a = Res^ ^ ' Y{a,x)u (4.2.3) 

X 

for any homogeneous element a eV and for any u G M. Set A{M) = M/0{M). 

Proposition 4.2.1 [FZ]. For any V -module M , A{M) is an A(y)-bimodule under 
the defined left and right action. 

Remark 4.2.2. For any homogeneous element a & V and for u G M, we have: 

a-u -u-a = ReSx{l + x)^^''~^Y{a,x)u 



aiU 



^ I wta - 1 
1=0 \ i 

= aou (4.2.4) 
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where aou denotes the action oi a E go on u E Mz=i (the evaluation module) . 

Let M* {i = 1, 2, 3) be three irreducible F-modules and let /(•, x) be an intertwining 



operator of type 



. Then we define the following bilinear map 



7r(/) : A{M^) ®a{v) M^(O) ^ M=^(0); 

v}®u^^ o{u^)u^ for v} G ^(M^), G m2(0). (4.2.5) 

Then it has been proved [FZ] that 7r(J) is an A(y)-module homomorphism. 

Lemma 4.2.3. The defined linear map is an injective map from the intertwining 



operator space I 



to Hom^(^) {A{M^) ®a{v) M2(0),M3(0)). 



Proof. It is equivalent to prove that tt{I) = implies 1 = 0. If 7r(/) = 0, then 



V 



{u',I{u^,x)u^) = for any u' G (M^)',u^ G M^ix^ G M^{0). (4.2.6) 
Let C consist of u such that 

{u',I{u\x)u) = for any u' G (M^)',u^ G (4.2.7) 
Then M2(0) CW. Let u G PF, a G F, n G Z such that wtOn > 0. Then 

{u' , I{v} ,x)anu) 

°° I n \ 

= {u' ,an[l{v} ,x)v}j) + ^\ \x'^~''{u\l{aiv},x)u) 

i=o\ i j 

= 0. (4.2.8) 

Then a^u G W. Since contains M'^{0) and M2(0) generates by C/(g(y)+), thus 
TF = M^, so that (4.2.6) holds for any u' G {M^{0)y,u^ G M\u2 g M^. Similarly, 
since {M^{0))* generates (M^)' by U{g{V)), (4.2.6) holds for any u' G (M^)',^^ G 
M^,u'^ e M^. Therefore / = 0. □ 

The following is Theorem 1.5.3 [FZ] with a minor correction. 

Theorem 4.2.4. Let {i = 1,2,3) be three irreducible V -modules such that 
and (M^)' are universal or generalized Verma modules for V . Then it is a linear 

isomorphism from I I I onto Hom^(y)(^(M^) 0a{v) M'^ (0) , (0)) . 
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The proof of Theorem 4.2.4 wiU take the rest of this section. Our proof is a gen- 
erahzation of Tsuchiya and Kanie's proof for WZW model [TK]. But we do not have 

singular vectors to use instead we have to use the associativity (which is equivalent to 
the existence of singular vectors for WZW model) . 

Let Vo be an A(y)-module homomorphism from A(M^) ®A(y) M'^{0) to M^{0). 
Lifting tpo through the natural linear projection map from M^'S>M^{0) to A{M^) 0a{v) 
M^(0), we obtain a linear map tpi from (g) M2(0) to M^{0). 

Lemma 4.2.5. The linear map V'l satisfies the following conditions: 

(a) Vi 0, g,Q-module homomorphism from M^^i M^(0) to M'^(O); (4.2.9) 
(6) i/jiiOiM^) M2(0)) = 0; (4.2.10) 
(c) o{a)ilJi{u^ ® u^) = Res^^—^ iJi{Y{a,x)u^ ^ u^) (4.2.11) 

for any homogeneous element aofV and for any G , G (0) . 

Proof, (b) and (c) simply mean that V'o is an >l(y)-module homomorphism from 

A{M^)(S)c M2(0) to M-^(O), where A{M^)0c M^{Q) is viewed as an ^(y)-module with 
the left action on the first factor. For any a & V, hy (c) and Remark 4.2.2 we have: 

= ipi{a ■ ^ u^) 

= il)i{a o <^ u^) + ijji(u^ ■ a <^ u^) 

= tpi{a o ^ u^) + il^i^u^ o{a)u^) 

= Vi(«wta-i(n^(^'u2)). (4.2.12) 

This proves that ipi is a g'o-module homomorphism from M^^^ (8)M^(0) to M^(0). □ 
It follows from Lemma 2.2.6 that C[t, t~'^] (g) is a g'(F)-module of level zero. For 
any homogeneous G and for any integer n we define 

deg(r (8) u^) = deg - n - 1 (wtu^ - /ii - n - l) . (4.2.13) 

Then C[t, (8)M^ becomes a Z-graded gi-module. We consider the generalized Verma 
^-module (of level one) M(M^(0)) as a Z-graded ^-module with the decomposition 
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M(M2(0)) = e^o?7(5+)„M2(0). Then the tensor product 5-module (of level one) 
F = C[t, t~^] (g) (g) M(M2(0)) is a Z-graded 5-module, where 

F{n) = efe,,eZ+i'+''~"~' ® M\k) (g) U{g+)rM\0). (4.2.14) 

We consider (M^(0))* as a ^o-module by defining: 

{af){u) = f{e{a)u) foiaegoJ e{M^{0)r,ueM^{0), (4.2.15) 

where 6 is the anti-automorphism of g defined in Section 2.2. That is, 

{af,u) = {f,e{a)u), (4.2.16) 

where (•, •) is the natural pair between (M^(0))* and M^(0). 

Next we define a bilinear form on (M^(0))* x F as follows: First for homogeneous 
eM^,u^ e M'^{0),u' G (M3(0))* we define 

{u' ,e ® ^ u^) = 6^_aeg^i+i^o{u ,Mu^ ^ u^))- (4.2.17) 

Then for y G g+U{g+) we inductively define 

(u', e^u^^ yu^) = {u', a{y){e ® v}) u^). (4.2.18) 

Proposition 4.2.6. T/ie defined bilinear form on (M^(0))* x F satisfies the fol- 
lowing conditions: 

{u', F{n)) =0 ifn^Q; (4.2.19) 

(n',yu) = 0; (4.2.20) 

(u',yo^i) = (e(2/o)^^',w) (4.2.21) 

/or any v! £ {M^{0))*,ye g+U{g),yo G U{go),u€ F. 

Proof. Let G be any homogeneous element, let u' G {M^{0))*,u G M^(0) 
and let n be an integer such that deg(t" (g u) (= degu^ — n — 1) 7^ 0. Then by 
definition we have: 



{u',t"- 0u) = 0. 



(4.2.22) 
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Let G be any homogeneous element, let u' G (M^(0))*, y G U{g+)m {m > 0),u E 
M^(0) and let n be an integer such that deg(t"' <8) yu) (= deg — n — 1 + m) 0. 
Since deg a{y){t"^ ® u^) u = deg(i"' ® ® yu) ^ 0, we have: 

(n', f'^v}® yu) = {u', (J{y){f' (g) v}) u) = 0. (4.2.23) 

This proves (4.2.19). 

Let a G F be any homogeneous element of V and let n be any integer such that 
deg a„ = wta — n — 1 > 0. Then 

(«',a„(t™ ® yu)) 
= {u, an{f^ ® u^) ® yu) + {u, ®u^ ® anyu) 
= {u', a{y)an(t'^ u^) 0u) + {u\ a{any)t"^ (g) m) 
= {u', a{y)an{t"^ u^) ®u) - {u' , a{y)ant"^ (8)^^(8)^) 
= (4.2.24) 

for y G Uig+),u' G {M^{0))*,u G M2(0),m G Z. Since 5(+ is linearly spanned by such 
a„'s, the second property follows. 

For the third property, let a G V, n G Z, G M^, u G M^(0). Then 



(«',a(r u)) 

on X 



E 



wta — 1 



(u, ^ 1 (g) aju^ ®u) + {u, t" ® a„ta-itf) 



1=0 

^ ( wta - 1 \ 

= Un,deg«i-l('",V'o(ai'" <8)^i)) 

i=0 \ i j 

= K,Aezu^-i{u' ,il)Q{a{u^ ®u))) 

= '^n,deg«i-l(^^'!«V'o(^^^ ® ^i)) 
= <^n,deg«i-l(^(a)^'iV'o(^i^ (H)-")) 

= (6'(a)«',r(8)n^ (gj-u). (4.2.25) 
Furthermore, for any y G 5+?7(5+), we have: 

{u',a{f ® yu)) 
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= (u', o(t" (g) u^) (g) + (g) (8) ayu) 

= {u, a{y)a{f'- (g) u^) u) + {u , f ® ® {yau + [a, y]u)) 

= {u' ,a{y)a{f ®v})®u) 

+{u\a{y){f' ® v}) ® au) + {u ,a{[a,y\){€' ® v}) ® u) 
= {u,a{y){t"' (g u^) (g au) + {u,aa{y){t" (g u^) u) 
= (n',a(c7(y)(r (gu^) (g-u)) 
= (^(a)u',(T(j/)(r«)n^)®n) 

= (6'(a)u',r(g)«^) (g)y«). □ (4.2.26) 
Next we define 

I = {ue F\{u',yu) = for any u' G (M^(0))*,y G i7(c/)}. (4.2.27) 

In other words, / is the maximal g(y)-submodule contained in the right kernel of the 
bilinear form on (M^(0))* x F. 

Lemma 4.2.7. Ifn<0, then F{n) C /. 

Proof. By definition we need to prove 

(u',yn) = for any n' G (M3(0))*,?/ G [/(5),u G F(n). (4.2.28) 

By PBW theorem we have: U{g) = U{g-^)U{gQ)U{g-.). Prom Proposition 4.2.6 it is 
enough to prove (4.2.28) for y G U{go)U{g-). Because yu has a negative degree, by 
Proposition 4.2.6, (4.2.28) is true. Therefore F{n) C / for any n < 0. □ 

For e M^, set 

It{u\x) = ^ (r ® n^)x-"-^-'^, (4.2.29) 

neZ 

where h = hi + h2 — hs is defined as before. Then we have: 

{u',It{u\x)(^U^) = X^'^^Sn^-degn^-h^^/^^degni+deg^^-l ^^1 ^^2^ (4.2.30) 

for u' G (M3(0))* and for homogeneous G M^it^ ^ M{M^{0)). 

Lemma 4.2.8. For u' G {M^{<d))*,u^ G M^,u^ G M(M2(0)), we have 

{u',It{L{-l)u^,x)®u^) = -^{u',It{u^,x)®u^). (4.2.31) 
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Proof. Without losing generality we may assume that both and are homo- 
geneous. Noticing that L(0) = loi, we get 

= L(0)(r(g)fx^)(8)'U^ + r(g)fx^(g)L(0)w2 

= ® L{-l)u^ (8) «^ + r (g) L{0)u^ ®u^ + e<^u^ ® L(0)u^ 

= ® L(-l)n^ (8) + (wtn^ + wtu'^){e 0u^® u^). (4.2.32) 



Then 



= L(0)(r-^ (g) tx^ (8) u^) - (wtu^ + wtu'^){e-^ (g) ■u^ (8) u^). (4.2.33) 



Therefore 



(n',/t(L(-l)u\x)®n2) 

= (u',i'^"S«i+deg«2 ^^2^^-deg«i-degn2_ft_i 
= (n',L(0)(t^'^S«i+degw2-l ^^1 ^^2)^^-deg«i-deg«2_ft_i 

-(Wtn^ + wttx2)(tx',t'^"S«i+deg«2-l ^ ^1 ^ ^2^^-deg«i-deg«2_,,-i 
= (L(0)«',t^^SwHdeg«2_i ^^2^^-deg«i-deg«^-l-ft 

-(Wtu^ + wtti2)(ti',t'^"S«i+deg«2-l ^ ^1 ^ ^2^^-deg«i-deg«2_,,_i 
= hsiu', tdeg«i+deg«2_i ^ ^1 ^ ^2^^^.- degwi-deg«2_?j_i 

-(Wtu^ + wttx2)(tx',t'^^S«^+deg«2-l ^ ^1 ^ ^2^^-degni-deg«2_;,_l 
= (-degtX^ -degn^ -/l)(^x',t'^"S«i+deg«2-l ^^1 ^^2^^-deg«i-deg«2-h-i 
= A/^i'^ideg«i+deg«2_i ^ ^1 ^ ^2w-deg«i-deg«2_ft 

= -^(u',7t(u\x)®n2). □ (4.2.34) 
ax 

Lemma 4.2.9. For y e U{g),u' G {M^{0)y,u^ G G M(M2(0)), we /lawe 

(u',y/t(L(-l)u\x)®u) = -^{u',yIt{u\x)(E)u). (4.2.35) 

Proof. Let L be the subspace of U{g) consisting of each x such that (4.2.35) holds 
for any u' G {M^{0))*,u^ G M^,u G M(M2(0)). Then 1 G L (by Lemma 4.2.8). Let 
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y E L, let a be any homogeneous element of V and let n be any integer. Then 

{u' ,yanIt{L{-l)v} ,x) ®u) 

x"'''- {u' ,yIt{aiL{-l)u^ , x) (g) u) 

x''~^u', yIt{L{-l)aiU^ , x) u) 

x^~^{u',ylt{iai-iu^,x) (g) u) 



oo 

E 


f" 


i=0 


\ ' 


oo 

i: 


n 




\ ' 




> / 


+E 


i= 


n 


oo 

E 


/ 

n 




I ' 


oc 




+E 


i= 


° V 


oo 

E 


/ 

n 


i=0 




oc 


> / 


+E 




° V 



'-^{u',ylt{aiu^,x) (S)u) 



n 



{n — i)x'^ ' ^{u' ,ylt{aiv},x)®u) 



x'^ '-^{u',ylt{aiu^,x) ^u) 
ax 



-j^{u ,ylt{ai-iu ,x) <»u) 



= ■^{u',yanlt{v},x)®u). 



(4.2.36) 



Then Lg C L. Thus L = U{g). □. 

Proposition 4.2.10. For y G U{g),u' € (M3(0))*,«^ G M^tt G M(M2(0)), we 



{u',y(^It{L{-l)u\x)^uj) = —{u',y(lt{u^,x)®u)), 
or, equivalently 



(4.2.37) 



It{L{—l)u^ , x) <Siu= -^Itiu^jx) (g) u mod 
Proof. Since 

y (jt{L{-l)u^ , x) 'S)uj = ylt{v},x) ■u + It{v},x) (g) yu, 



(4.2.38) 



(4.2.39) 
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the proposition follows from Lemmas 4.2.8 and 4.2.9 immediately. □ 

Proposition 4.2.11. For any aeV,u' e {M^{^)Y,u^ G M^u^ G M(M2(0)), we 
have 

Xo'S (^^^) {n',Y{a,xi) [lt{u\ X2) u^)) 

{u' ,It{u^,X2) ^Y{a,xi)u'^) 

xo J 

(^^^^) Itiy{a, xo)u\x2) u"). (4.2.40) 



= X. 



Proof. Since the Jacobi identity is equivalent to the commutativity and the asso- 
ciativity (without involving "matrix-coefficients") and the commutativity has already 
been built to the 5(l^)-module structure, it is sufficient for us to prove the following 
associativity: 

(w',(xo + X2)™*"y(a,xo + a;2) (lt(«\ X2) ® u^)) 
= {u',{x2 + xo)'^''ItiY{a,xo)u\x2)0u^). (4.2.41) 

If G M^(0), the proof is exactly the same as the proof of Proposition 3.2.3. For a 
general vector G M(M^(0)) it follows from the proof of Proposition 3.2.5. □ 

Proposition 4.2.12. For any u' G {M^{0))*,a G y,M^ G M^u^ G M{M'^{0)),y G 
U{g), we have 

Xo'S (^i^) y ■ Y{a, xi) (lt{u\x2) u") ) 
-j;-^S (Z^^llll) l^u',y {It{u\x2)®Y{a,xi)u'')) 

\ Xq / 

= x:, '5 (^i^) y ■ iIt{Y{a, xo)u\x2) ® u^)), (4.2.42) 

or, equivalently 



_1 /Xl - X2 
Xn 



Y{a,xi) (^It{u^,X2) <8) n^) - Xq (~~^^ Itiu^,X2) (8> Y{a,xi)u'^ 
= X2^6 (^^^^—^^ It(Y{a,xo)u^,X2) mod I[[xo,xi,X2,Xq^ ,Xi^ ,X2^]]. (4.2.43) 

Proof. The proof is exactly the same as the proof of Proposition 3.2.6, so that we 
will just sketch the proof. Let L be the subspace of U{g) consisting of each y such that 
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(4.2.42) holds. By Lemma 4.2.8 and Proposition 4.2.10, U{g+),U{go) C L. The by 
PBW theorem we only need to prove that Lg^ C L. □ 

Proposition 4.2.13. For any u' G (M3(0))*,a,5 e V,u^ € M^ti^ e M^{Q), we 
have 

Xo^5 f^l^:^\ {u', It{u\x) ® Y{a, xi)Y{b, X2W) 
-Xo'S (Z^llll) ^u', It{u\x) ® Y{h, X2)Y{a, x^)^) 

\ Xq J 

= x^H (^^^) It{u\x) ® Y{Y{a, xo)b, X2W). (4.2.44) 

Proof. Similar to Proposition 3.2.3, it is sufficient to prove the following associa- 
tivity: 

{xo + X2)^''{u', It{u^,x) (8) Y{a, xq + X2)Y{b, X2)u'^) 

= {x2 + xoy'{u\lt{v},x)(^Y{Y{a,XQ)b,X2)u^), (4.2.45) 

or, equivalently 

Res^oa;^(a;o + X2)'^"(n', It{v},x) ® Y{a, xq + X2)Y{b, X2)u^) 

= Res^^x^{x2 + XQY^%u',It{u^,x)®Y{Y{a,xo)b,X2)u^) (4.2.46) 

for any integer n. Using the same technique as we used in the proof Proposition 3.2.3 
we see that it suffices to prove the special case: 

ReSj^oXo + X2)'^"(u', It{v},x) (g) Y{a, xq + X2)Y{b, X2)u^) 
= Res^^Xo\x2 + xor'''{u',It{u\x)(^Y{Y{a,xo)b,X2)u'^). (4.2.47) 

By definition we have: 

ReSa^oXo'^ {xq + X2)'^^'' {u', It{u^, x) (^Y {a, xo + X2)Y{b,X2)u^) 

= Yl ^^Vo\xO + X2)^*"-"*-'xr-l(u', It{u\x) ® ambnu'') 
m,neX 

= E E Res,oXo\xo + X2r"'-"'-'x^''-\u',It{u\x)^ambnU^) 

m<wta— 1 n<wtb— 1 

since RcSi;(,.Xq ^(xq + a:2)"*'^^"*~"^ = if m > wta — 1, ambn = if n > wt5 — 1 



J2 J2 xf'^-^-^-^{u',It{u\x)(^amhnU^ 

m<wta— 1 n<wtb— 1 
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2\^-wt6 



= {u , It{u , x) ® a^ta-lKtb-lU )X2 



m<wta— 1 

n<wtfe— 1 

m<wta— 1 n<wt6— 1 



= (u , It{u , x) <S) ttwta-l^'wtb-l'" )X2 

oo ( 

- E E 



m<wta— 1 1=0 



i 



{u' JtifliU^ix) ® b^tb^iu'^)x. 



2 \ ™Wta— wt6— m— 1 „m—i 



X 



+ E {u' ,It{v}-,x)®hna^ta-lU^)x2'' ^ 



n<wtfe— 1 



- / wta-1 

+ E E 

n<wt6— 1 i=0 



{U ,It{u ,X) (8) (ai6)wta+n-j-l^^ )2;2 



2\™-n-l 



/ 



- E E E 

m<wta— 1 n<wt6— 1 j=0 



{u' , It{aiU^ , x) ®hnU^)x2 



2\ ^wta—m—n—2 ^m—i 



\ 



= {u',It{u^,x) (g) awta-ii'wt6-iw^)a::2 



2\^-wt6 



E E 

m<wta— 1 «=0 \ i 



^wta-wtb-m-l^m-wta-deg«i-ft+l^^/^^^^^.^l ^ ^^^^_^^2^ 



/ 



- E E 

n<wt6— 1 1=0 



n 



X2^ ^x" ^(u',i"t(6y,x) (g)awta-lW^) 



v 



wta — 1 



- E EE 

n<wt6-l i=0 j=0 

■{u ,It{{aib)jU^ ,x) ®u^) 



wta + n — i — 1 

3 



n— 1 wto+n— i— J— 1 



3/Q 3!/ 



/ 



+ E E EE 

m<wta— 1 n<wt6— 1 i=0 ;?=0 \ I 



n 



wta—m—n—2m+n—i—j 
^2 X 



■{u' , It{bjaiU^ ,x) ®u^) 

{u',It{v},x) ® a^ta-iKtb-iu^)x2^^'' 

- ^Q^xA'^ + xiTxf'-'^''^-'^-^x"^''-'^^^''^-'^+^ 



m<wta— 1 

(«', ■0o(^(a, x{)v} (g) 6wt6-i?^^)) 
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- E E 

n<wt6— 1 1=0 



n 



n— l^n— wtfe— degu^— /i+l /^/ 



\ 



n<wt6-l i=Oj=0 



+ E E EE 

m<wta— 1 ri<wt6— 1 j=0 j=0 




— n— 1 n— wt6— deg — /i+l 







1 m \ 




V ' 1 


V ^' / 



vita—m—n—2 
X2 



■X 



,m+n+2— wta— wtfe— degu^— ft. / / 



{u',tjjo{bjaiU^ (g) U^)) 
wt6 



-Res^, ^ (^l + xi)'^xf''-'^^-'^-^x""'-'^''^'^^-^+^ ■ 

m<wta— 1 
■(«','0o(^(a,Xi)u^ (g) 6wt6-l?^^)) 

n<wt6— 1 



E E ^^S^3 
n<wt6— 1 i=0 



/ 



V 



wta — 1 



-n— 1 n— wt6— degu^— /i+l 



•(1 + ^3)wta+n-i-l ^^/^ ^^(^Y{aib, X^y ® ii^)^ 

_j_ pj^gg pj^gg ^wta— m— n— 2^m+n+2— wta— wtfe— degu^— /i 

m<wta— 1 rt< wtfe—1 

•(1 + + x^riu', MYib, X3)Yia, xi)v} ® u^)) 



{u', It{u^,x) (g) a^,ta-ib^-tb-iiJ-^)x2 



—Res 



(1 + xi) 



wta-l^l-wt6 - deg u^—h 



-Res 



x{l + Xi) - X2 



(it', V'o(^(o, xi)u^ (g) bwtfc-i'w^)) 



3:3 



x(l + X3) - X2 

- J2 Res,„Res,3X2"-ix"--*''-'^^s«^-^+i(i + ^3) 



{u', ■0o(5^(&, a^s)""^ (g> Owta-l'"^)) 
wta+n— 1 



n<wt6— 1 



• 1 + 



1 + X3) 



wta— 1 



{u', M^iyia, xo)b, X3)u^ n^)) 



2— wt6_— dee w^— ^ 



+Res Res ^ ^"^(1 + xi^-Hl + ^3) 

+nes,,«,es,3 ^^^^ ^ _ ^^^^^^^ ^ _ 

■{u', MY{b, X3)Y{a, xi)u^ ^ u^)) 

{u',It{u^,x) ® a^ta~ib^b-iu'^)x2'"^'' 



wtfo— 1 
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(1 + xi)^*"-^g;^-^^''x-d^g"'-^ (1 + 3:3)^''-^ 

X[l + Xi) - X2 X3 

■{u', MY{b, xs)Y{a, xi)u^ (g) u^)) 

(1 + X3)'^^^"^x^~"^^a;-'^^s"'-^ (1 + a;i)"^°-^ 

X{l+X3)-X2 Xi 

{u', MY{a, xi)Y{b, X3)u^ O u^)) 

^l-wtb^-degu^-h^l + X3)"^^-^(l + X3 + Xq)'^"-^ 

Kes^gKeSajg ^— • 

■{u', ipo{Y(Y{a, xo)b, X3)u^ u^)) 

■(«', ^o(>"(&, X3)Y{a, xi)v?- ® u^)) 

= {u, It{u^,x) ® a^ta-ibwtb-iu'^)x2^^'' 

(1 + a;3)"'^-^x^~"'''x-'^"S"'-^ (1 + 

(n', My {a, xi)Y{b, X3)u^ ® u^)) 

^^^^ x^~^''x-^^g"'-^(l + + X3)'^''ix2 - x) 

X3(x(l + a;i) - X2)(a;(l +X3) - X2) 

-Res,oRes,3 _____ 

■{u', MY{Y{a, xo)b, X3y ® u^)). (4.2.48) 

On the other hand, we have: 

Res^oXg + xo^^^iu', Itiu^,x) O r(y(a, xo)6, X2)w^) 
wto 



00 




/ 



E E 

i=0 n<wtaf_ib— 1 



wta 



v 



E 

1=0 



^ wta 



V 



i=0 n<wtai_ib— 1 \ i I 

= {u', It{u\x) ® o(a * 6)n2)x2 



wta 




;:) 









-E E E 

i=0 n<wtai_i6— 1 jr=0 
•(u', It{{ai-ih)jv},x) (g) M^) 

(u', /t(u\ x) ® o(a * &)ii2).x^^** 

wta 
i 

{u' ,il)Q{{ai-ib)jv} <®u^)) 

u', It{u^,x) ® o{a * 6)n2)a;2 "^^^ 

-Res^3 ^ ^ 

?=0 n<wtai_i6— 1 



wta-n-i-1 n-j 



•E E E 

i=0 n<wtai_i6— 1 jr=0 



V 




wta— n— i— l^n— wta— wtb+i+1— deg 



wta—n—i—l^n—wta—wtb+i+l—degu^—h 



•(1 + X3r(u', V'o(>"K-i6,X3)ui ® n^)) 

-Res.3 EE L-wt5+,,-w-aeg„^-. . 

i=oj=o y i J 

•(1 + X3)"*'^+^'-^-^-'(«', Vo(l^(a.-i6, X3)ni n')) 
{u', It{u\x) o(a * 6)u2)x2 

„1— wt&^— degu^— /i^-j^ _j_ ^^^wta+wtb— i— 1 



-Res^3 



wta 



2 = 



Xn 



x{l + xa) - X2 



{u', ^poiYiai-lb, X3)u^ (g) u^)) 



{u' , It{u^,x) o(a * 



-wt& 



wta 



^1— wtb^— degu^— _j_ ^^^wta+wtb— i— 1 

t:; ' ^ Xn 



i=Q 



x(l + Xs) — X2 



■{u', il^oiYiYia, xo)b, X3)u^ (g) u^)) 



{u' , It{u^,x) <S> o{a * b)u^)x2 



-wt& 



1— wt6 - 
Xo X 



ReSxpReSjig 

X(l + X3) - X2 

■{u', ^poiY{Y{a, xo)6, X3)t/^ O n^)) 

(«',/t(u\x)(g)o(a*6)u2)x-™t* 

l-wt6 
X2 X 



-deg«l-/i(l + X3)™*''-1 (1 + X3 + Xo)^*" 



-RBSajpRcS^g - 



xo 



l-wt6^-deg«l-fc(l + X3)"*^-ni +X3 + Xo)-"'"-^ 



x(l + X3) - X2 
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■{u', il)Q{Y{Y{a, Xo)b, X3)u^ u^)) 
-Res.oRes.3 ______ 

{u', It{u\x) ® o(a * b)u'^)x2^^ 

•(n', V'o(^(^(a, xo)b, xs)u^ ® n^)) 
Res,oRes,,Res,3 ^^^^ ^ ^^^^^ _ ^^^^^ 

V a;o / 

^l-wtb^-deg«i-ft(i ^ X3)^*''(l + 3:3 + Xo)^*"-^ 
+Res,„Res,,Res,3 ^^^^ ^ _ ^^^^^ 

{u', It{u^,x) ^ o{a * b)u^)x~ 

„1— wtfc 



~wt6 



-ReSa;QReSj;3 — | - 

x(l + a:;3) - 0:2 



■{u', iijQ{Y{Y{a, xo)b, X3)u^ O u'^)) 

-Res Res + X3)'"^''{1 + xi)^*""^ 

+ a;3) -a;2)(xi -a;3) 

•(u', V'o(>"(a, a;i)y(6, X3)n^ u^)) 

x^-^''a;-'^^s"'-^(l + X3)'^*^l + xi)^*°-^ 

" ^'"^ ^'"^ (X(1+X3)-X2)(X3-X1) 

•(u', MYib, X3)Y{a, xi^ u^)). (4.2.49) 



By comparing (4.2.48) with (4.2.49), we see that it is sufficient to prove the following: 

ReSa:,ReSa;3-^ ' ( -F (a, xi)F(5, ^2)^^ 

(Xi - X3)(x(l + X3) - X2) 

= ReSa;iRes^3 ^ 7, \ ^\ Y{a,xi)Y(b,X2W mod ©(M^); (4.2.50) 

xi(x(l + X3) - X2) 

T, p (1 + X3)"*''(1+X1)"*"-HX2-X) ^,^ 1 

Res.,Res.3 (,3 _ + ,3) _ F(M3)y(a,x,)u 

= -Res..Res.3 ^^(^/;;-;;/ri^^;;^^ 

(4.2.51) 
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First we have: 

(1 + X3)"*''(l + xi)"*"-! _ (1 + a;3)"*''-i(l + 
(xi - X3)(x(l + xa) - X2) xi(x(l + X3) - X2) 

X3(l + .r;-i)"'"''Hl + 
Xi(xi - X3)(x(l + X3) - X2) 

_ ^ (i+xir°xr^(i+x3r^-^ 



X?+^ (X(l+X3)-X2) ' 



and 



(1 + X3)™**(1 + Xi)™*"-Hx2 -x) ^ (1 + X3)"'^(l + Xi)^*"-1 



(x3 - xi)(x(l + X3) - X2) a;3(x(l + Xi) - X2)(x(l + X3) - X2) 

(l+X3)^^(l+Xi)^*«-lxi 



X3(X3 - Xi)(x(l + Xi) - X2) 
^ (1+X3r''(l+Xir"-M+^ 

h~^' x(i+^i)-^2 ■ ^ ^ ^^^^ 



Since 



Res^ 2+i — ^(c,a;)M^ C O(M^) (4.2.54) 



for any homogeneous element c G F, (4.2.50) and (4.2.51) follow immediately. □ 

Proposition 4.2.14. For any u' G {M^{Qi))*,a,h eV,v} e M^u^ G M{M'^{Q)), 
we have 

x^H ("^l^) i^u', It{u\ x) ® y(a, xi)y(6, X2)^^') 

V a;o / 

(z^l±^\ It{u\x) y(6, X2)r(a, xi)^^) 

\ Xq J 



= Xo^5 — — — {u', It(u\ x) (8) Y(Y(a, xo)b, X2W). (4.2.55) 

\ X2 J 

Proof. It is similar to the proof of Proposition 3.2.5 and Proposition 4.2.11. Let 
W be the subspace of M(M^(0)) consisting of each u satisfying (4.2.55) for any u' G 
{M^{0))*,a,b G G M^. Then it is equivalent to prove that W = U{g+)M'^{0). 

By Proposition 4.2.12, M^(0) C W, so that it is enough to prove that g+W C W. 
Let u G W, let c G F be any homogeneous element and let n be any integer less than 
wtc — 1 so that deg c„ > 0. Then by choosing k large enough we have: 

{u' ,It{v},x) ®Y{a,XQ + X2)Y{h,X2)CnU){xQ +X2)^ 
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E 

i=0 



( n 



\ 



X2 ^{u' ,It{u^ ,x) ®Y{a,XQ + X2)Y{cih,X2)u){xQ + X2)^ 



+ E \{X0 + X2f^'' '{u,It{u^,x)®Y{Cia,XQ + X2)Y{h,X2)u) 

1=0 V i 



+E 

1=0 



In 



x'^~''{u',It{civ},x)®Y{a,XQ + X2)Y(b, X2)u)(xo + X2)* 

+ {u',Cn {lt{v},x) ®Y{a,XQ +X2)Y{h,X2)u^){xQ +X2f' 

El " \x'^-'{u',It{v},x)®Y{Y{a,XQ)cih,X2)u){xQ + X2f 



n 

=0 \ i 



+ Y.\ (^0 + X2f+''-\u', It{u\x) ® Y{Y{cia, xob, X2)u) 



=0 \ I 



00 



n 



k 



+ E 1^" '{u',It{ciU^,x)^Y{Y{a,xo)b,X2)u){xo + X2) 

= {u',It{u^,x)0Y{Y{a,xo)b,X2)cnu){xo + X2)''. (4.2.56) 

Thus c„« e PF. Then c/+iy C W. Therefore W = U{g+)M^{0). □ 

Proposition 4.2.15. For any u' G (M3(0))*,y G U{g),a,b E V,u^ e M^,u^ G 
M(M2(0)), w;e have 

^-1 J ^^/^ ^ . {I,{u\x) F(a, xi)y (6, X2y)) 

\ Xq J 

_a;-i<5 (Z^il^") (^', y . {I,{u\x) ^ y(6, X2)Y{a, xi)u^)) 

\ Xq J 

= x^^6 (^^^) y ■ {It{u\x) ® Y{Y{a, xo)b, xa)^^)). (4.2.57) 

or, equivalently 

XqH ("^l^) It{u\x) ® F(a, xi)y(6, X2)^x2 
V a^o / 

-x^H (^Z^^±^^ /t(?x\ x) y(6, X2)Y{a, xiy 

I It{u^,x) (g) Y{Y{a,xo)b,X2)u^ mod /[[xq, xi, X2, Xq \ ^, "^]]. 

(4.2.58) 

Proof. Let L be the subspace of U{g) consisting of each y such that (4.2.57) holds. 
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Then it follows from Lemma 4.2.7 that g+U{g) C L. By PBW theorem it is enough to 
prove that go ^ L and Lg^ C L. Let y G L, let c G F be a homogeneous element and 

let n be an integer such that n > wtc — 1. Then 

{u',ycn (^It{u^,x) (8>y(a,xo + X2)Y{b,X2)uj){xo + X2)'^ 

oo / 



E 

1=0 



+E 

i=0 



n 
i 
I 



n 



\ 



oo I ^\ 



+E 

i=0 V I 



v'^~'-{u',y(jt{ciU^,x)^Y{a,xo + X2)Y{b,X2)uj){xo + X2)'' 
{xQ + X2)''+""*(«', y (/t(n\ x) y(cia, xq + X2)y(6, X2)uj ) 
(/t(u\x) (8)y(a,xo + a:;2)y(ci6, X2)u))(xo + 



+ 



{u',y (^It{u^,x) 'S)Y{a,xo + X2)Y{b, X2)cnuj){xo + X2)'' 



= E 

i=0 

1 

+E 



n 



n 



'{u',y (cjfx^ , x) Y{Y{a, xo)b, X2)uj ){xo + X2)'' 
{xo + X2f^'^~'{u\ y {lt{v},x) ® Y{Y{cia, xo)b, X2)uj) 



+E 



n 



'{u' ,y(lt{v},x) (g) Y{Y{a,XQ)cib,X2)u)){xQ + X2f 



(4.2.59) 



i=0 \ I 

+{u',y (^It{v},x) 'S)Y{Y{a,xo)b, X2)cnuj){xo + X2Y 
= {u',ycn (^It{u},x) (g) Y{Y{a,xo)b,X2)uj){xo + X2)''. 

Thus + 50) C L. Therefore L = U{g). □ 

It follows from Proposition 4.2.15 that the bilinear form on (M^(0))* x F induces a 
bilinear form on {M^{0))* x C[t,t"^] M{M'^{0)). Now we extend this bilinear 
form to a bilinear form on M{{M^{0))*) x C[t, i"^] (g) M(M2(0)) as follows: 

{yu',u) = {u',e{y)u) (4.2.60) 

for any y G i7(g(y)),'u' G (M^(0))*, where 9 is the anti-automorphism of U{g{V)) or 
g(y) given in Section 2.2. 

Proposition 4.2.16. The g{V)-module T = (C[t,r^] (?) M{M^{0))) /I is a 
weak V -module. 
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Proof. This will follow from the proof of Theorem 5.2.9. □ 

It follows from Proposition 4.2.16 and FHL's contragredient module theory that we 
have an induced bilinear form on M((M^(0))*) x T. 

Proof of Theorem 4.2.4. By the assumptions on and M^, we have a bilinear 
form on (M^)' X C[t, t'^] (g) M^. Then we have a bilinear map tp from C[t, t 
(g) to M^. We define 

I{;x)-: M^^M^ ^M^{x}; 

I{u^,x)u^ = 'ilj{ltiu^,x)0u^) for G M\ G (4.2.61) 

Then I{-,x) satisfies the L(— l)-derivative property (Proposition 4.2.10) and the Jacobi 
identity (Proposition 4.2.15). Therefore, we have obtained an intertwining operator 
I{-,x) corresponding to ^o- ^ 

Remark 4.2.17. A sufficient condition for Theorem 4.2.4 is the quasi-rationality 
of the vertex operator algebra V in the sense that any module is completely reducible. 
In the Appendix A, we will give an example to show that the conditions on and 
are necessary. 



62 



Chapter 5 
Tensor products and a construction 



In the classical Lie algebra level, the tensor product vector space of two modules for a 



Lie algebra g has a natural 5-module structure due to the Hopf algebra structure of the 
universal enveloping algebra U{g). An intertwining operator of type 



^ Ws ^ 



can 



V Wi,W2 J 

be defined as a ^r-module homomorphism from the tensor product module Wi W2 to 
W3. It can also be defined (at least superficially) without using the notion of tensor 
product as a linear map tp from Wi to 'H.omQ{W2, Ws) such that 

aip{wi)w2 = ^{awi)w2 + ^{wi)aw2 for any a € g,Wi & W^. 

In vertex operator algebra theory, the notion of intertwining operator has been defined 
[FHL] as a certain generalization of the notion of module, but there was initially no 
notion of tensor product for modules for a vertex operator algebra. This definition of an 
intertwining operator is analogous to the second definition of an intertwining operator 
in the classical case. 

To obtain an analogous construction of tensor product for modules for a vertex 
operator algebra, we consider the classical case in the following way. Suppose that we 
did not have the notion of tensor product but we only had the notion of intertwining 
operator as a linear map satisfying a certain condition (the second definition). Then 
the tensor product module can be defined by using the notion of intertwining operator 
in terms of a certain universal property and can be constructed by using generating 
space and defining relations. This consideration motivates our current approach to 
tensor product theory for modules for a vertex operator algebra. In this chapter we 
shall realize this idea for vertex operator algebra theory to construct tensor product for 
modules for a vertex operator algebra. 
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Throughout this chapter, V will be a fixed vertex operator algebra. 
5.1 A definition for tensor product 

In this section we shall first formulate a definition of a tensor product in terms of a 
certain universal property as an analogue of the notion of the classical tensor product. 
Then we present some results about abstract nonsense. 

Definition 5.1.1. Let and be two F-modules. A pair (M. F(-,,t)), which 

I " \ 

consists of a F-module M and an intertwining operator x) of type , is 

called a tensor product for the ordered pair (M-*^, M^) if the following universal property 

I w \ 

holds: For any ^/-module W and any intertwining operator /(•, x) of type , 

there exists a unique F-homomorphism from M toW such that /(•, x) = o x). 
(Here V' extends canonically to a linear map from M{x} to t^{a::}.) 

Remark 5.1.2. Just as in the classical algebra theory, it follows from the universal 
property that if there exists a tensor product (M, x)) for the ordered pair (M^, M^), 
then it is unique up to F-module isomorphism, i.e., if {W,G{-,x)) is another tensor 
product, then there is a F-module isomorphism if) from M toW such that G = ipo F. 
Conversely, let {M, F{-,x)) be a tensor product for the ordered pair (M^,M^) and let 
a be an automorphism of the F-module M. Then (M, a o F(-,x)) is a tensor product 
for (M\m2). 

Lemma 5.1.3. Let {W,F{-,x)) is a tensor product for the ordered pair (M^,M^). 
Then F{-,x) is surjective in the sense that all the coefficients of F{u^ ,x)u'^ for G M' 
linearly span W. 

Proof. Let W be the linear span of all the coefficients of F{u^,x)u'^ for G 



M*. Then is a submodule of W and F{-,x) is an intertwining operator of type 
. Then by Remark 5.1.2 it is equivalent to prove that {W,F{-,x)) is also 



' w 



a tensor product for the ordered pair (M^, M^). It follows from the universal property 
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of {W,F{-,x)) that there is a F-module homomorphism tp from to such that 

F{u^,x)u'^ = 'iIj{F{u^,x)u'^) iov e M^,u^ e M^. (5.1.1) 
Then ip(w) = w for any w G W. Therefore we have: W = W (B kerV'- Let M be 



any ^-module and I{-,x) be an intertwining operator of type 



^ M 



Then 



V 



there is a ^-module homomorphism from to M such that I{-,x) = ip o F(-,x). 
Let ip be the restriction of ip on W. Then I{-,x) = -ijj o F{-,x). Suppose there is 
another ^-module homomorphism cf) from W to M such that /(•, x) = (f>oF{-, x). Then 
I{-,x) = {(j) o P) o F{-,x), where P is the projection map from W onto W. It follows 
from the universal property of (W, F(-, x)) that ip = (p o P. Thus = (p. Therefore we 
have proved that {W,F{-,x)) is a tensor product for the ordered pair (M^,M^). Then 
the proof is complete. □ 

Remark 5.1.4. Suppose that there exists a tensor product {W, F{-,x)) for the 
ordered pair (M^,M^). Then it follows from Lemma 5.1.3 that is a quotient space 
of the vector space S{^) (8) (g) M^, where $ is the set of all powers of x~^ with non 
identically zero coefficients in the expression of F{-, x) and S{^) is the subspace linearly 
spanned by $ in the group algebra of C (as an abelian group). 

Proposition 5.1.5. //(M, F{-,x)) is a tensor product for the ordered pair (M^, M^) 
of V -modules, then for any V -module , Homy(M, M^) is linearly isomorphic to the 

Proof. Let cf) be any F-homomorphism from M to M^. Then (f)F{-,x) is an 
intertwining operator of type | | . Thus we obtain a linear map tt from 

defined by 7r(0) = (f>F{-, x). Since F{-, x) is surjective 



space of intertwining operators of type 



V 



Homy(M, M3)to/ 

(Lemma 5.1.3), tt is injective. On the other hand, the universal property of {W, F{-, x)) 
implies that tt is surjective. □ 

Proposition 5.1.6. Let M be any V -module. Then {M,Ym{-,x)) is a tensor 
product for (y,M). Symmetrically, {M,F{-,x)) is a tensor product for {M,V) where 
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F{-, x) is defined by F{u, x)a = e^^( YM(a, —x)u for a eV,u e M. 

Proof. It follows from the S'3-symmetry [FHL] of the Jacobi identity that Ym{-,x) 



and F{-,x) are intertwining operators of corresponding types. Let W be any F-module 

( W \ ^ d 

and let I{-,x) be any intertwining operator of type 

V V,M 

/(L(— l)l,x) = 0, 1(1,. t) is independent of x. It follows from the commutator formula 



Since -—I(l,x) = 

ax 



that /(l,x) commutes with any vertex operator Y{a,x) for a E V. Then /(l,x) is a 
y-homomorphism from M to W. Furthermore, we have 

I{a,X2)u 
= ReSxoXQ^I{Y{a,xo)l,X2)u 

— j I{l,X2)YMia,xi)u 

= ReSj;(,2;o ^/(l, X2)lM(a, X2 + xo)u 

= Iil,X2)YM{a,X2)u (5.1.2) 

for a G V,u G M. On the other hand, if -0 is a F-homomorphism from M to W 
such that I{a,x)u = ^l>{YM{a,x)u) for a G u G M, then il){u) = I{l,x)u. Thus the 
universal property is satisfied. Therefore, [M,Ym{--,x)) is a tensor product for (y,M). 
Similarly, the universal property for (M, F(-,x)) can be proved. □ 

Proposition 5.1.7. If{M, F{-,x)) is a tensor product for the ordered pair {M^,M^), 
then (M, F^{-,x)) is a tensor product for the ordered pair (M^, M^). 

Proof. Let M be any V^-module and let /(•, x) be an intertwining operator of type 

( " \ 

. It is easy to see that there is a F-module homomorphism ip from W 

to M such that /*(-,x) = ip o F{-,x) if and only if I{-,x) = ip o F*(-,x). Then the 
proposition follows. □ 

Remark 5.1.8. Let M^' {i = 1, • • • , m) and M^^ {j = 1, - ■ ■ ,n) be F-modules and 
let (VF*^F*-?(-,x)) be a tensor product for the ordered pair {M^\M'^^). Let = 
e^iM^*, = (Bj^iM^j. Then one can prove that (©VF*^, ©F*^(-, x)) is a tensor 
product for the ordered pair (M^, M^). 
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Remark 5.1.9. Let and be two F-modules and let {W,F{-,x)) be a pair 

/ vv 

consisting of a F-module W and an intertwining operator F{-,x) of type 



W 



Let M be a direct sum of F-modules Suppose that for any intertwining 

^ IVI " 1 

there exists a unique l/-homomorphism tpa 



operator Ia{-,x) of type 



from W to such that Iai-,x) = tpa o F{-,x). Then one can easily prove that 

, there exists a unique V- 



' M ^ 



for any intertwining operator I{-,x) of type 

homomorphism i}) from to M such that /(•, x) = o x). Since any ^-module M 
is a direct sum of ^-modules [a € $) such that all weights of each are congruent 
modulo Z, in Definition 5.1.1 it is sufficient to check the universal property for each 
y-module M whose weights are congruent modulo Z. If F is rational, it is sufficient to 
check the universal property in Definition 5.1.1 for each irreducible F-module M. 

5.2 A construction of tensor product modules 

In this section we shall construct a tensor product for two modules for a given rational 
vertex operator algebra V . We first construct a tensor product for two ^-modules from 
S (where S is the set of equivalence classes of F-modules whose weights are congruent 
modulo Z), then extend the definition to any F-modules. 

Let and be two F-modules from S. Since the notion of vertex operator 
algebra is a "complex analogue" of the notion of Lie algebra, one naturally considers 
the tensor product vector space C[t,t~^] (8) M^. Set 

Fo(M\ M^) = C[i, r^] ^ M^. (5.2.1) 

For u G M^, we set 

Yt{u, x)=Y, ® u)x-''-'^. (5.2.2) 

neZ 

Then C[t,t~^] (g) is linearly spanned by the coefficients of all generating elements 
Yt{u,x). 
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Next, we define a Z-grading for Fo{M^,M^) as follows: For A; G Z; m, n G N, u G 
M^{m),v e M^{n), define 

deg{t'' ^w^v) = m + n- k -1. (5.2.3) 



Let /(•, x) be an intertwining operator of type 



, and let /"(•, x) be the 



normalization given in (4.1.5). Then for any non-zero complex number z we have 



V 



Xq o\ \Y[a,xi)r[u,zx2) - Xq o\ ] r{u,zx2)Y{a,xi) 

\ Xq J \ Xq J 

= {zx2)-H('^^^^\r{Y{a,XQ)u,zx2). (5.2.4) 

\ ZX2 J 

Taking Res^jo of the Jacobi identity above, we obtain the commutator formula: 
y(a, xi)I°{u, zx2)v 

= I°{u, zx2)Y(a, xi)v + ReSj;„ (zx2)~^S ( — — — ] I°(Y(a, xo)u, zx2)v (5.2.5) 

V ZX2 J 

ioT a e V,u e ,v e M"^ . 

Prom now on, z will be a fixed non-zero complex number. Motivated by the classical 

construction of tensor product, we define an action of F = C[t,t-^]^V on Fq(M^ , M^) 
as follows: for a € V, € M\ M^, 

Yt{a,xi){Yt{u,X2) v) 
= Yt{u,X2) 'SiY{a,xi)v + ReSxo{zx2)~^d (— — —) Yt{Y{a,xo)u,X2) 'Si v. 

\ ZX2 J 

(5.2.6) 

Proposition 5.2.1. Under the above defined action of V , Fo{M^,M^) becomes a 
7i-graded g{V)-module of level one, i.e., 

Ytil,z)=id, Yt{L{-l)a,x) = -^Yt{a,x) foraeV; (5.2.7) 

deg a(n) = wt a — n — 1 for each homogeneous a (zV,n & Z; (5.2.8) 

[Yt{a, xi), Yt{b, X2)] = Resx,x^^5 (^^^) Yt{Y{a, xo)b, X2) (5.2.9) 

for a,b &V. 
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Proof. Writing (5.2.6) into components we have: 

(t'"(8)a)(r(8)U(8)u) 
= (8) n (8) 

+ReSxoReSxiReSx2X^X2X^^x^^5 ( ^'^''^^ ) Yt{{Y (a, xo)u, X2) ®v 



Xl 



<8) U (8) QmU 



m 



+Res^, ^ I I z'"-*x™+"-Vt(aiU, X2) v 
i=0 \ i 



1=0 



00 ( \ 



QiU (8) v). 



(5.2.10) 



It follows from Lemma 2.2.6 that (5.2.6) defines a 5((y)-module structure on C[t, t""^] ® 
(8iM^, which is a tensor product 5(F)-module of level-zero g'(T^)-module C[i,t~^] (8> 
with the level-one 5'(F)-module M^. □ 

Let 9 be the linear automorphism of Fo{M^,M'^) given by the left multiplication 
by t, i.e., 



e{t"-<^u®v) = (8) <8) forn G Z,u G G 



(5.2.11) 



Or equivalently, 



6{Yt{u, x) (8) v) = zYt{u, x) (8) f . 



(5.2.12) 



Then 6 is homogeneous of degree —1. 

Proposition 5.2.2. T/ie linear map 9 is a g{V)-endomorphism of Fo{M^,M^). 
Proof. For a G y,n G Z,u G M^,v G M^, by (5.2.12) we have 



9{Yt{a,xi){Yt{u, X2)^v)) 

Yt{Y{a, xo)u, X2) (8) v) 

ZX2 J 

= X2Yt{u,X2) ^Y{a,xi)v + ReSxo{zx2)~^5 (— — —] X2Yt{Y{a,xo)u,X2) <8 v 



ZX2 



= Yt{a,xi){x2Yt{u,X2) ^v) 
= Yt{a,xi)9{Yt{u,X2)®v). □ 
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Define J to be the 5(y)-submodule of Fo(M^, M^) generated by the following sub- 
spaces: 

fr^+n+i ^M^{m)®M'^{n) form,n,zGN. (5.2.13) 

Lemma 5.2.3. The suhmodule J is graded and preserved by the endomorphism 9. 

Proof. Because the generating subspaces (5.2.13) are homogeneous, J is graded. 
Similarly, because preserves the generating subspaces (5.2.13), 9 preserves J. □ 

Motivated by the L(— l)-dcrivativc property relation (4.1.12), for any complex num- 
ber A, we define Lx to be the subspace of Fq{M^ , M"^) linearly spanned by the following 
elements: 

r (g) L{-l)u ®v + nz~H"-~'^ ^u0v - \z~H"-~'^ ^u^v (5.2.14) 

or linearly spanned by the coefficients of 2" in the following expressions: 

Yt(L(-l)u, x)^v- z~^-^Yt(u, x)^v- X(zx)~'^Yt(u, x) <^ v (5.2.15) 

dx 

for u G M^,v e M^, n G Z. 

Lemma 5.2.4. The subspace Lx is a graded g{V)-submodule of Fo{M^,M^) satis- 
fying the condition 9{Lx) = ^a+i fof A G C. 

Proof. Lx is graded because one can get a homogeneous basis for Lx from (5.2.15). 
For n G Z, u G M\ we have 

9{f'- (g) L{-l)u ®v + nz'^t"-'^ (g) It (g) u - Xx'^t"-'^ g) u g) t;) 
= (g) L(-l)u (g) w -I- n2;~H" (g) u (g w - Xz'^t"' (g) u (g v 

= (g L{-l)u (S)v + {n + l)z~4" (g (g w - (A + l)z~H'' (g u (g w. 

Then 9Lx = Lx+i is clear. For a G V, -u G M^, u G we have: 

d 

Yt(a,xi)(Yt(L(-l)u, X2)®v - z~^- — YAu, X2)®v - \(zx2)~^Ytiu,X2) ®v) 

0x2 

d 

= Yt{L(-l)u, X2) (g) Y(a, xijv — z~^- — Ytiu, X2) ® Yia, xi)v 

0x2 

—\{zx2)~^Yt{u, X2) ® Y{a, xi)v 

+Res3:o{zx2)~^S Yt{Y{a,xo)L{-l)u,X2) 0v 
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-X ^ -^ReSxo{zx2) ^5 (^ ^^^^ Yt{Y{a,xo)L{-l)u,X2) 
j Yt{Y{a,xo)u,X2) (8> v 

ZX2 / 

ReSa;o(zx2)"^(5 ) Yt{L{-l)Y{a,xo)u,X2) <8) v 

\ ZX2 / 

~^X~) 'g^^iO^(^'^o)u,X2) ®V 

~~zx — j 'dx'^^^^^^' ^^'^ ^ ^ 

J Yt{Y{a, xq)u, X2) (8) V mod L;^ 

ZX2 / 

-ReSxo{zx2)~^d - — Yt{Y{a,Xo)u,X2) ®v 



ZX2 J dxQ 
0X2 V ZX2 



-Res^oX ^{^^{zx2) [ — — — ])Yt{Y{a,xo)u,X2) ®v mod 



= ReSxo{zx2) ^ii^5(— — —'])Yt{Y{a,xo)u,X2)<Siv 

OXq \ ZX2 J 

-ReSxoX~^-^{ S Yt{Y{a,xo)u,X2) ®v 

dX2 Xi-Xo \ ZX2 J 

j Yt(Y(a, xo)u, X2) ® V 

ZX2 / 

'- — ] YfiYia, xq)u, X2) ® V 

ZX2 / 

= 0. □ 

Lemma 5.2.5. Ifue M'^{m),v e M^{n),k e Z, then 

L(0){t'' ®u!^v) = {m + n-1- k + X + hi + h2){t'' (^u^v) mod L^. (5.2.16) 
Proof. By definition, we have 

Yt{u!,Xl)(Yt{u,X2) i^v) 

= Yt{u,X2) ®Y{uj,xi)v + ReSxo{zx2)~^e~''°^6 ( — ) Yt{u,X2)<^v 

\ ZX2 / 

= Yt{u,X2)(^Y{co,xi)v + J2^-^ [q^J Si^—jizx2)-^Yt{L{i-l)u,X2)®v. 
Then 

L{0){Yt{u, X2)^v) 

= Yt{u,X2)0L{O)v + zx2Yt{L{-l)u,X2)^v + Yt{L{O)u,X2)®v (5.2.17) 
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= Yt{u,X2)®L{O)v + Yt{L{O)u,X2)0v 

d 

+XYt{u,X2) + X2-^ — Yt{u,X2) (8) V mod Lx- 



(5.2.18) 



'2 



Thus 

L{0){t'' ^w^v) = {m + n- k -1 + X + hi + h2){t'' iSiu^v) modL^. □ 
Next we set 



Remark 5.2.6. Fi{M^,M^) is a lowcr-truncatcd Z-graded (7(y)-modulc of level 
one, so that the vacuum property, the L(— l)-derivative property and the commutator 
formula (2.1.3) automatically hold. Furthermore, for any a £ V,w e Fi{M^,M^), 
Yt{a,x)w involves only finitely many negative powers of x. 

Remark 5.2.7. Notice that the action (5.2.6) of g(y) on FoiM^M^) only reflects 
the commutator formula (2.1.3), which is weaker than the Jacobi identity, unlike the sit- 
uation in the classical Lie algebra theory. In the next step, we consider the whole Jacobi 
identity relation for an intertwining operator. This step in our approach corresponds 
to the "compatibility condition" in Huang and Lepowsky's approach [HLO]. 

Let TTi be the quotient map from Fo(M\M2) onto Fi{M^,M^) and let Ji be the 
subspace of Fi(M^,M^), linearly spanned by all coefficients of monomials x^XiX2 in 
the following expressions: 



for a e y,u G M^,v G M^. 

Proposition 5.2.8. The subspace J\ is a graded g{V)-submodule of Fi{M^ , M'^) . 
Proof. For a, 6 G y, n G M\ v G M^, we have 



Fi{M\M^) = Fo{M\m'^)/J. 



(5.2.19) 




(5.2.20) 




72 



j Yt{a,xi)Yt{b,X3)Tri{Yt{u,X2) 'S)v) 

j 1^ — j Yt{Y{b,X4)a,xi)iri{Yt{u,X2)®v) 

Xq^S {~~^^^^ Yt{a,xi)Tri{Yt{u,X2) tS)Y{b,X3)v) 

{zx2)~^5 ( Yt{a,Xi)'Ki{Yt{Y{h,XA)u,X2) ®v) 

Xq J V ZX2 J 

+ReSx^XQ^5 {^^~^~~^ ^1^^ (~^^~~^) ^*(^(^'^4)a,a;i)7ri(lt(w,X2) ®v); 

(5.2.21) 

lt(6,X3)7ri(lt(u, X2) (8) Y{a,x{)v) 

= 7ri{Yt{u,X2) ®Y{b,X3)Y{a,xi)v) 

+Resxi{zx2)~^6 [— — —] iri{Yt{Y{b, X4)u, X2) 'SiY{a,xi)v) 

\ ZX2 J 

= Tri{Yt{u, X2) (8) Y{a, xi)Y{b, X3)v) 

+ReSxiX^^5 (^~~^~^^ 7ri(F((u,X2) <^ Y{Y(b,X4)a,xi)v) 
+Res^,{zx2)-^6 f^l^) 7ri{Yt{Y{b,X4)u,X2)®Y{a,xi)v); (5.2.22) 

V ZX2 J 

{zx2)~^b I yt(5,X3)7ri(yt(y(a,a;o)?f,X2) ® v) 

\ ZX2 ) 

{zx2Y^S ("^1^) 7ri(yt(y(a, x^)u, X2) ® Y{b, X4)v) 

\ ZX2 J 

+Res,,(z.X2)-i<5 {zx2)-H '-^—^ T:i{Yt{Y {b,X4)Y {a,xo)u , X2) (8) v) 

\ ZX2 J V ZX2 J 

(2;x2)~"^(5 ( ) Ytib, X3)7ri(yt(y(a, xo)'u, 0:2) ® v) 

) {zx2)~^S i ) TTi{Yt(Y{a,xo)Y{b,X4)u,X2) v) 

ZX2 ) \ ZX2 J 

+Res,^^%?,^^{zx2)~^b\— — ^) {zx2Y^^\— — ^)xo^(5' 



ZX2 ) \ ZX2 ) \ 

•7ri(yi(y(y(6,,T5)a,a;o)u,X2) ®v) 

) Yt{b,X3)Tri{Yt{Y{a,xo)u,X2) (8 v) 

ZX2 / 

+Res.Azx2)-^S ( {zx2)-H ( ^-^) {zx2)-^6 ( '-^) 

\ ZX2 J \ ZX2 J \ ZX2 J 

■'Ki{Yt{Y{a,XQ)Y{b,X4)u, X2) ®v) 

+Res.,(.X2)-^ ( ^-^) {zx2rH ( -^--^--A . 

\ ZX2 J \ ZX2 J 
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■Tri{Yt{Y{Y{b, X5)a,xo)u, X2) v) 

Yt{b,X3)7ri{Yt{Y{a,xo)u,X2) v) 

ZX2 J 

+Res.,(.x.)-<5 ( {zx2)-H ( izx2)-'6 ^ ' 



ZX2 J \ ZX2 J \ ZX2 

•7ri(y^(F(a, xq)Y{\), X4)u, X2) O v) 

+ReSx^{zx2)~^S (— — —] Xi^5 (— — ^ j Tri{Yt{Y{Y{b,X5)a,xo)u,X2) 'S) v). 

\ ZX2 / \ X\ / 

(5.2.23) 

Then it is clear that Ji is stable under the action of Yt{b, x) for any b eV. □ 

Theorem 5.2.9. The quotient space F2{M'^,M'^) = Fi{M^ , M'^) / Ji is a lower- 
truncated Zi-graded weak V-module. 

Proof. We only need to prove the Jacobi identity. For a,b & V,u € M^,v G M^, 
we have 

/'^l^'j Yt{a, xi)Yt{b, X2){Yt{u, X3) ® v) 
= xo^s f^l^) Yt{a,xi) {Yt{u,X3)^Yib,X2)v) 

) {zx3)~^6 I ) Yt{a,xi) {Yt{Y{b,X4)u,X3) v) 

Xq / \ ZX3 / 

= Xo^6(^^^^^)Yt{u,X3)®Y{a,xi)Y{b,X2)v (5.2.24) 
) {zx2,)~'^5 I ) Yt{Y{a, X4)u, X3) Y{b, X2)v 

Xq / \ ZX3 / 

(5.2.25) 

(/^j^ 3^2 \ / "^2 X \ 
{zx3y^6 Yt{a,xi)(Yt(Y{b,X4)u,X3) (g) v); 
Xo y \ ZX3 J 

(5.2.26) 

(-^^7^) ^t(^^2)it(a,Xi)(yt(«,X3) 0^) 
= Xo ^(5 ( ^""^ ^ ) Yt{u, X3) y(6, X2)Y{a, x{)v (5.2.27) 

\ Xo J 

+ReSa;4Xo ^(5 / ^2_+^\ ^^y-^yi^ — ^\ Yt(Y(b,X4)u,X3) (g) Y{a,xi)v 

\ Xo J \ ZX3 J 

(5.2.28) 

+ReSxiXQ^6 — (zxsy^S Yt{b,X2)iYt{Y{a,X4)u,X3) i^i v); 

\ Xo J \ ZX3 J 

(5.2.29) 
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and 



X2^S (^^^) Yt{Y{a,xo)b,X2){Yt{u,X3)^v) 

= X2^d(^^^-^^^Ytiu,X3)<S)Y(Yia,xo)b,X2)v (5.2.30) 

) {zx^y^S I ) Yt{Y{Y{a, xo)b, X4)u, X3) (g) v. 

X2 / \ zx^ / 

(5.2.31) 

It follows from the Jacobi identity of that (5.2.24)-(5.2.27)=(5.2.30). Since 
Xo's("-^) {zx,)-^s(^-^) 

\ Xo J \ ZX3 J 

V Xo ) \ ZX-i ) 

= i,,-,,,)-^s(^^)izxs)-^5('-^) 

\X1-ZX3J \ ZX3 J 

= ixo + x,)-'s(^^l^){zxs)-'6(^^^)- (5.2.32) 
\ X0 + X4 J ^ ' \ ZX3 J 

-1. /-a;2 + . I fx2-X4\ 

= x^'s( -''''-"'' + ''' ){zxs)-'6(^^^ 

\ Xo J V ZX3 



= {xo + x^rS ( Z£^) (,,3)-M ( , (5.2.33) 
\ X0 + X4 J \ ZX3 J 

by the Ji-defining relation (5.2.20), we have 
(5.2.26) - (5.2.28) 

. B^.(.X3)-M(£l=iii)(»3)-'.(^mi) 

■Yt{Y{a, Xo + X4)y(5, X4)u, x^) (g) 

■Yt{Y{a, X5)Y{b, X4)u, X3) (g) v 

. R«.Kee.,,.„-. (^) (..3)-'. (^) (..3)-. (^^) 

•yt(y(a, X5)Y{b, X4)u, X3) ® (5.2.34) 

Similarly, we obtain 



(5.2.25) - (5.2.29) 
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-Resa;4(za;3) (zxa) M 

\ ZX'i ) \ ZX-i J 

■Yt{Y{a, -xq + Xi)Y{h, xa)u, X3) 

-Res.,Res.,X5 <J [--^ ) (zxs) S [^-^ j (zxs) S [^-^ 
■Yt{Y{b, X4)Y{a, X5)u, X3) (g) v 

-Res.,Res.,Xo 5 [-^^ ) {zxs) S i^-^ J (zxs) 5 i^-^ J 
■Yt{Y{b, X4)Y{a, X5)u, X3) (g) v 



xo / V zx3 J V -2a;3 

•yt(F(6, X5)y(a, X4)m, 0:3) (g) V. (5.2.35) 

Therefore, we have 

(5.2.25) + (5.2.26) - (5.2.28) - (5.2.29) 

= ReSa;4ReSa;5X4;^(5 ( — — ^— j {zx^)'^^ ( — — ^ j {zx^Y^b ( — — ^ j 

\ X^ / \ ^X3 / \ ZX3 / 

•Ft(y(F(a, xo)6, X4)u, X3) (g) v 
= KeSxiizx^y'^S \— — —] X2^5 {— — —] Yt{Y{Y{a,,XQ)h,Xi)u,X3) ®v 

\ ZX3 J \ X2 J 

= (5.2.32). (5.2.36) 
Here we have used the following fact: 

„ _i fX5-Xo\, I fX2-X4\, 1 /Xi-X5\ 

Res,.,X4 S ^— — j izx3) 6 i^-^) (zxs) S i^-^) 

,-i;fx2-X4\ . /xi - X4 - xo\ _ij/x4 + a;o 

\ \ I 1 ^ ^ I ' Xg ' 



^ . 1 /X2--X4\, f Xi-X4-Xo \ 

Resa;5(zx3) d[ j {ZX3) d{ 

V ZX3 J \ ZX3 ) 

I A-ijT /^^2 - a;4\ _i „ /X2 - X4 + X4 + Xo 
{zxz) ^6 x/5 ' 



X5 



ZX3 / v x\ 
= {zx3)-H{'^^^\x2H{''-^^\. (5.2.37) 

\ ZX3 ) \ X2 J 

Then we finish the proof. □ 

Since F2(M^,M^) is a weak F-module, we will freely use Y{a,x) for Yt{a,x). 

Proposition 5.2.10. Let A'Y and M"^ be two V -modules, let M be a lowest-weight 
g{y)-module of level-one and let J be the g{V)-submodule of M generated from the 
Jacobi relations (5.2.20), so that M = M/J (which may be zero) is a generalized V- 

module. Let L{-,x) be any intertwining operator of type | | . Then L(-,x)J = 
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( M3 

0, so that we obtain an intertwining operator of type 

Proof. This directly follows from the proof of Theorem 3.2.9. □ 



Symmetrically, we have: 

Proposition 5.2.11. Let and be two generalized V-modules and let M, J 

and M be given as in Proposition 5.2.10. Let L{-,x) be any intertwining operator of 
( M3 

. Then I{J, x) = 0, so that we obtain an intertwining operator of type 



type 
/ 
V 



M,M2 j 



\ 



Proof. The proof of this proposition does not directly follow from the proof of 



Theorem 5.2.9, but it follows from Proposition 5.2.10 and the notion of transpose in- 

M 



tertwining operator. Since !*'{■, x) is an intertwining operator of type h by 



Proposition 5.2.10 we have: l\-,x)J = 0. Thus L{J,x) = 0. □ 

Remark 5.2.12. Let g be an afHne Lie algebra and let ^ be a positive integer. 
It has been proved ([DL], [FZ], [L2]) that L{i,0) is a rational vertex operator algebra 
with the set of equivalence classes of irreducible modules being the set of equivalence 
classes of standard ^-modules of level £. Thus any lowest-weight ^-module of level £ 
is a L{i, 0)-module if and only if it is an (irreducible) standard module. Suppose 
and are standard modules of level i (equivalently, 0)-modules). Let be 



a generalized Verma ^-module of level i and let I(-,x) be an intertwining operator of 
type 



. Then by Proposition 5.2.11 L{-,x) gives an intertwining operator 

among three L(^, 0)-modules (equivalently, three standard ^-modules). In this sense 
Proposition 5.2.11 could be considered as a generalization of Tsuchiya and Kanie's 
"nuclear democracy theorem" [TK] (we will discuss this in Chapter 7). 

It follows from Lemmas 5.2.4 and 5.2.5 that 9 induces a surjective F-endomorphism 
9 of Fi(M^,M'^). For any complex number A, we define a quotient module 

F2(M\m2)W = Fi(M\m2)/(Ji +La). (5.2.38) 
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Let a\ be the quotient map from F2(M^,M^) onto F2(M\ It follows from 

Lemma 5.2.4 that 9 induces a surjective F-homomorphism 9x from F2(M^, M^)(^) onto 
F2(M\m2)(^+i). Then we get a sequence of generalized F-modules: 

.F2(M\m2)(^-i) ^ F2(M\m2)W -^F2(M\m2)(^+i) ^ ... (5.2.39) 

Lemma 5.2.13. If X + hi + h2 is not the lowest weight of a generalized V -module, 
then 9\ is an isomorphism. 

Proof. It suffices to prove that the linear map induces a F-homomorphism from 

F2(M\m2)(^+i) toF2(M\M2)W. Since degree-zero subspacc of F2(M\m2)W is the 
lowest- weight subspace of weight A + /ii + /i2 (from Lemma 5.2.5), then the degree-zero 
subspace must be zero. By considering the following sequence: 

F2(M^m2) ^F2{M\M^) ^F2(M\m2) ^ F2(M\m2)(^), (5.2.40) 

we obtain 

(7A7re-^(t'"+"+'=+^ M\m) M\n)) C c7A7r(t'"+"+'= M\m) M\n)) (= 0) 

(5.2.41) 

for all m,n,k E N and 

aA7re"^(r+" ® M\m) ® M\n)) C aA7r(t™+"-i M\m) M\n)) (= 0) 

(5.2.42) 

for all m,n € N. By (5.2.41), (5.2.42) and (5.2.16), 9^^ induces a F-homomorphism 
from F2(M1,M2)(^+i) to F2{M\ M^)^^') . □ 

Remark 5.2.14. In general, L{0) may not act semisimply on F2{M^,M'^), but 
from Lemma 5.2.5, L(0) acts semisimply on F{M^,M^)^^\ and it has lowest weight 
X + hi + h2. 

Let W be any F-module with lowest weight h such that W = ©^o^(n-i-/i) and let 



^ W 



. Let /°(-,x) = x'^i+'^^-Zi/^.^^) 



/(•, x) be an intertwining operator of type 
be the normalization. Then we define 

Tpi : F2{M\ M'^) ^ W, ®u®v^ Iu{n)vz-''~^ (5.2.43) 
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for u G M^,v G M'^,n G Z. In terms of generating elements, ijji can be written as: 

ipiiYt{u, x)i^v) = r{u, zx)v for ueM^,ve M^. (5.2.44) 

Lemma 5.2.15. The linear map ipj is a g{V) -homomorphism. In other words, 

'ipi{Yt{a,x)w) = Y{a,x)i;i{w) for a £ V,w € F2{M^ , M"^). (5.2.45) 

Proof. For a e V,u e ,v e , we have 

iljl{Yt{a,Xi){Yt{u, X2)^v)) 
= ijjl{Yt{u,X2)0Y{a,xi)v) + Res,,oizx2)~^5(— — —] ipl{Yt{Y{a,xo)u,X2) ^ v) 

\ ZX2 J 

j r{Y{a,X{s)u,zx2)v 

ZX2 / 

= Y{a,x\)l°{u,zx2)v 

= Y{a,xi)tpi{Yt{u,X2)<^v). □ 

Corollary 5.2.16. The linear map ipj induces a V-module homomorphism tpi 
from r(M^M2) to W such that tpi preserves the Z-gradings and tpi = iripi, where 
TT is the quotient map from Fq{M^,M'^) to T[M^ , M"^). Furthermore, ipi induces a 
V -homomorphism ipj from F2{M^, M"^)^^^ to W where \ = h — hi — h2- 

Proof. It follows from Proposition 4.1.2 that J C ker ijji. By the Jacobi identities 
for a y-module and for an intertwining operator we get: J + Ji Q ker Then we 
have an induced linear map V^/ from F2(M^,M^) to W. By Lemma 5.2.10 ^/ is a 
y-homomorphism. Furthermore, by (4.1.12), the L(— l)-derivative formula for I{-,x) 
is equivalent to the following formula: 

r{L{-l)u\xz)u^ -x-^-^r{u^,xz)u'^ - X{xz)-^I°{u\xz)u^ = 0. (5.2.46) 

Thus 

ipi ^yt(L(-l)u, z) (8)t; - x~^-^Yt{u,z) <Si v - X{xz)~^Yt{u, z) (g) =0. 

So Lx C ker 'tpj. Therefore we obtain a 1^-homomorphism "ipiiX) from i<2(M^, M^)^^) 
to W. □ 
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As before, let be a F-module in S with lowest weight h. Then we define the 
following linear map: 

Homy (F2(M\ M^) W , W) 



W 

I{;x)^MX), (5.2.47) 



V 



where X = h — hi — h2- 

Theorem 5.2.17. The defined linear map V'(A) is a linear isomorphism. 

Proof. Since V'(A) is clearly injective by (5.2.43), we only need to prove the sur- 
jectivity. Let / be a V-homomorphism from F(M^,M^)(^) to W. Then we define an 
operator I{-,x) from (8> to VFja;} as follows: 

I{u,x)v = fTT{Yt{u,x)®v)x^-^^-^^ for u G M\'y G M^. (5.2.48) 

Then I{-,x) is an intertwining operator because of the defining relations (5.2.11), 
(5.2.12) and (5.2.14). □ 

Let B.om^{F2{M\ M^), W) be the space of all F-homomorphisms from F2(M^, M^) 
to W which preserve the Z-gradings. 



^ w 



Hom^(F2(Mi, M2), Wy,I^ipi 



Theorem 5.2.18. The map ijj : I 

is a linear isomorphism. 

Proof. By Theorem 5.2.17, it is enough to prove that for any y-homomorphism / 
from F2(M^, M^) to W preserving the grading, / maps the image of Lh^h^^h^ to zero. 
For A; G Z,m,n G N;u G M'^{m),v G M^, we have: 

deg {t^ ®u®v) = m + n — k — 1. 

Therefore 

L(0)/7r(t'= ®u®v) = {h + m + n-k- l)f'K{t^ ®u®v). (5.2.49) 

By definition, we have: 

L{{)){t^ ® u ® v) 
= t'' (8> u (g) L{0)v + xt^'^'^ ®u®v + t^ ® L{0)u (g) V 
= xt''^'^ (^L{-l)u0v + {hi + h2 + m + n)t'' (5.2.50) 
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Therefore 

/tt (xt''^'^ (2) L{-l)u 0v + {hi + h2-h + k + l)t'' u (g) =0. 

Observing (5.2.14) wc have f'n{Li^_i^^_]^^ ) = 0. □ 

Remark 5.2.19. Prom Theorem 5.2.18, F2(M^,M^) almost satisfies the require- 
ment for being a tensor product for the pair (M^, M^). In general, not any F-module 
homomorphism from F2{M^,M^) to W preserves the Z-gradings. But any F-module 
homomorphism maps any lowest- weight vector to a lowest- weight vector. If W is irre- 
ducible, then any ^-module homomorphism from F2{M^ , M'^) to W maps any lowest- 
weight vector of non-zero degree to zero. This fact leads us to consider the quotient 
module oi F2{M^,M^). 

For any lower-truncated Z-graded weak F-module M = ©neN-^C*^)) we define the 
radical of M to be the maximal graded submodule R{M) such that R{M) n M(0) = 0. 
There is another definition of radical [Zhu] as follows: Let M' = (BneNM(n)* . Define 
R^{M) to be the subspace of M consisting of all elements u e M such that: 

{u', Y{a, x)u) = for ah a G F, w' G M(0)* . (5.2.51) 

By using the associativity of vertex operator algebras one can easily see that R^{M) 
is a graded submodule. Furthermore R{M) = R^{M). Set S{M) = M/R{M). If M 
is completely reducible, then S{M) is the submodule generated by the lowest-degree 
subspace M(0). 

Definition 5.2.20. Define T{M^,M^) to be the quotient module of F2{M^,M'^) 
divided by the radical of F2(M\ M^). 

Suppose that V is rational in the sense of [Zhu]. Then F2{M^,M^) is completely 
reducible and T{M^,M'^) can be considered as the submodule generated by degree-zero 
subspace F2(M\M^)(0) of F2{M'^,M^). For any complex number h, let Wh be the 
direct sum of all irreducible submodules of T{M^,M^) with lowest weight h. Then 
r(M^,M^) is the direct sum of all Wh for ^ G C. Let Ph be the projection map of 
r(M\M2) onto Wh. Then we define: 

F{-,x) : (Homc(M^r(M\M2))) {x}; 
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^ F{u^,x) for e (5.2.52) 

where F{u^,x)u^ = T,heCx'^~'^^~'^^Ph'^i'^tiu^^x) ^'^'^) for G m^,u^ G M^. 

Proposition 5.2.21. Suppose that V is rational in the sense of [Zhuj. Then F{-,x) 

is an intertwining operator of type 



T{M^,M'^) ^ 



Proof. Let Fh{u^,x)u^ = x^''^^~^^ PhTT{Yt{n} , x) Then it is enough to prove 



. This easily follows 



that each Fh{-,x) is an intertwining operator of type 

from Theorem 5.2.18. □ 

Theorem 5.2.22. If V is rational in the sense of [Zhu] and M* (i=l,2,3) are ir- 



reducible V -modules, then {T{M^,M^),F{-,x)) satisfies the universal property in Def- 
inition 5.1.1, i.e., it is a tensor product for the ordered pair (M^, M^). 

Proof. Since any F-module is completely reducible, by Remark 5.1.9, it is suffi- 



cient to check the universal property for each irreducible ^-module W . Let W be an 

/ 

irreducible F-module and let /(■, x) be any intertwining operator of type 



W 

Then from Theorem 5.2.18, we get a F-homomorphism ■i/S/ from T(AI^, M^) to W pre- 
serving the gradings. By Remark 5.2.19, ■0/ maps the radical R{T{M^,M'^)) to zero. 
Then we get a F-homomorphism g from T{M^,M^) to W satisfying the condition: 

gTr{Yt{u^,x)^u^) = r{u^,x)u'^ for G M\ G M^. (5.2.53) 

Thus goF{u^,x)u'^ = I{u^,x)u^ for e M'^ ,u'^ e . 

Conversely, let / be a F-homomorphism from T{M^,M'^) to W. Since T{M^,M'^) 
is completely reducible and generated from degree-zero subspace (the lowest-weight 
subspace), then any lowest- weight vector of T(M^,M^) must be of degree-zero. So 
/ preserves the Z-grading. Therefore the pull-back of / is a grading preserving V- 
homomorphism from F2{M^,M'^) to W. By Theorem 5.2.18, we get an intertwining 
operator I{-,x). It follows from the construction that ipj = f. □ 

Prom Theorem 5.2.17, we find that F2(M\m2)W posses a similar property as the 
desired tensor product. If we put all of them together, what we get is too big. If we 
just take one from the sequence (5.2.39) for each A -|- Z G C/Z, it is not enough. We 
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have to consider a sort of "cover" or the direct hmit for the whole sequence. If the left 
direct limit exists for any A + Z G C/Z, we denote F2(M^,M^)'^ the direct limit of 
sequence (5.2.39). This "if"' corresponds to that "if there is a maximal submodule in 
M^DM^" in Huang and Lepowsky's approach [HL0]-[HL2]. 

Theorem 5.2.23. If V is a rational vertex operator algebra, then 

T{M\ = ©;,ec/Z^2(M\ M^f. (5.2.54) 

Proof. It suffices to check the universal property for the right hand side of (5.2.54). 
The proof is exactly the same as that of Theorem 5.2.17 except making a shift when 
defining / and /(•,x). □ 

Definition 5.2.24. Let = Q^^aM'^^M'^ = ®(3^bM^ where M",M^ are V- 
modules from S. Then we define 

T{M\M^) = ®^^a,p^bT{M'', M^). (5.2.55) 

Then it is easy to see that (r(M^, M^), F(-, x)) is a tensor product for the pair (M^M^) 
where F{-,x) is the sum of all i^a,/3(') x). 
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Chapter 6 

Unital property and commutativity for tensor products 

In this chapter we shall prove that the adjoint module satisfies the unital property and 
the defined tensor product satisfies a certain commutative property, so that the fusion 
algebra is a commutative algebra with identity. We also prove that for irreducible V- 
modules and M^, Frenkel and Zhu's ^(y)-module A{M^) 0a{v) M'^{0) (recalled in 
Chapter 4) is isomorphic to the degree-zero (the lowest-degree) subspace of T{M^,M'^) 
defined in Chapter 5. 

Throughout this chapter we shall assume that F is a vertex operator algebra. 

6.1 The unital property of the adjoint module 

In this section wc shall prove that in the defined tensor category of F-modulcs, V 
satisfies the unital property. The main result of this section may be considered as an 
interpretation of Lemma 4.1.6 in terms of tensor product language. 

Let M be any F-module and let u be a vector of M. Denote by V ■ u the linear 
span of all elements a„u for a G V, n G Z. 

Lemma 6.1.1. Let u be any element of a V -module M . Then V-u is a V -submodule 
ofM. 

Proof. Let a and b be any two elements of V. Let A; be a positive integer such that 
ttmU = foT m > k. Then taking KeSx^Xi of the Jacobi identity for {a,b,u), we obtain 

(xo + X2)''Y{a, xq + X2)Y{b, X2)u = {x2 + xo)''Y{Y{a, xo)b, X2)u. (6.1.1) 

Then (xo + X2)''Y{a,xo + X2)Y{b,X2)u G {V ■ u)((xo))((x2)). Thus Y{a,x){V ■ u) C 
{V ■ u){{x)) for any a eV. This proves that {V • u) is a F-submodule of M. □ 
Let and be F-modules and let tti, 7r2 and tt be the quotient maps from 
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Fo(M\M2) to Fl(M^M2), from Fq{M^,M'^) to F2(M\M2), and from Fq{M^,M'^) 
to T(M\M2), respectively. 

Proposition 6.1.2. Let M he a V -module in S with lowest weight h such that for 
any nonzero suhmodule W , ^ and that M^^) generates M . Then T(V, M) ~ M. 

Proof. Let k {k <Qi) be the lowest weight of V and define a linear map: 

/: Fo(V,M) = C[t,t-^]0F«)M^M; 

®a®u^ z~'^~^an+kU for a G Fj-u G M,n G Z. (6.1.2) 

Equivalently, in terms of generating functions, we have 

f{Yt{a, x)(^u) = {zxfY{a, zx)u. (6.1.3) 

For a, fe € y, ti G M, by definition we have: 

f{Y{h,Xi){Yt{a,X2)®u)) 
= {zx2)^Y{a,zx2)Y{h,xi)u + Keiixo{zx2)~^5 i— — ^ j {zx2)'^Y (Y {h,xo)a, zx2)u 

\ ZX2 / 

= {zx2fY{h,xi)Y{a,zx2)u 

= Y{b,xi)f{Ytia,X2)(^u). (6.1.4) 

It is clear that / maps the generating elements of J to zero, so that / induces a V- 
homomorphism / from F2{V, M) to M. Then from the condition on M, / gives rise to 
a y-homomorphism from T[V, M) to M. 

On the other hand, we construct an inverse map as follows: Define 

g: M^T{V,M); 

u^TT (t~^~'' (8) 1 for u G M. (6.1.5) 

Equivalently, g{u) = ReSxX~^~''ijj{Yt{l,x) u). For a e V,u E M, by definition we 
have: 

Y{a,xi)g{u) 
= ReSx2Y{a, xi)x2^~''-!r{Yt{l, X2) (8> u) 
= 'ReSx2X2^~'^'n'{Yt{l,X2) ®Y{a,xi)u) 
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+Res3;oReSa;2 2; ^x^"^ ^bi— — ^ ) 7r(rt(y(a,xo)l,a:;2) 
= T^{r^~^ ®\®Y{a,x\)u) 

= g{Y{a,xi)u). (6.1.6) 

Then g is & F-homomorphism from M to T(y,M). Since 

fg{u) = fnir^-'' 1(E) u) = l-iu = u foralluGM, (6.1.7) 

g is injective. The remain of the proof is to prove the surjective property of g. First, 
for any m G Z, tt G M^/^), we have: 

°° I n \ 

for any a G V, n G Z such that dega„ < 0. By the definition of T{V, M), we have: 

irit"" (S)l0u) = O for m / -A; - 1. (6.1.9) 

Thus 7r(f"^ (g) 1 (g) -u) G g{M) for any m G Z, u G M(^). 

Let m, n G Z, G M(j^-^,a G V such that dega„ > 0. Then 

7r(t"' (g) 1 <8) anu) 

°° I n \ 

= a„7r(i"* (8) 1 u) - ^ 7r(i"'+"-^ ® a^l ® u) 

i=o\ i J 

= a„7r(i"' (g) 1 (g) «) G 5(M). (6.1.10) 

It follows from Proposition 6.1.1 that 7r(t"* <g) 1 (g) w) G ^(M) for any m G Z, tt G M. 
Let a eV,m eZ,u e M. Then 

7r(i"* (g) a (g) ■u) 
= KeSxoT^eSx2XQ^ x^ IT {Yt{Y (a, xo)l, X2) (g> u) 
= ReSa;iReSj;2X^(a;i — X2)~''^i^(a,xi)7r(yt(l,X2) <g u) 

-ReSa;^Res3:2a;2"(-a;2 + xi)~V(yt(l, 0:2) (g) ^(a, xi)u). (6.1.11) 

Then 7r(t'" (g a (g) -u) G g{M) for any m G Z, o G F, n G M. Thus £?(M) = T{V, M) so 
that g is surjective. Therefore M is isomorphic to T{V, M). □ 
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6.2 A commutativity for tensor products 

In this section we shall prove that the defined tensor products satisfy a certain commu- 
tative property. 

Let and be F-modules from S. Let z be the same complex number we used 
in Section 5.2 and define a linear map r as follows: 



r : Fo{M\M^) F2{M'^,M^), 

Yt{u,x)®v^e^''^'^-^K2iYt{v,-x)®u) for u e ,v e M"^ . (6.2.1) 

Proposition 6.2.1. The linear map t is a g{V) -homomorphism. In other words: 



for a G y, n G M^,v G M^. 

Proof. For a G V,u £ , v G , from the defining relation Ji (the Jacobi 
identity relation) we have: 



T{Yt{a,xi){Yt{u,X2) ^v)) = Yt{a,xi)T{Yt{u,X2) ^v) 



(6.2.2) 




(6.2.3) 



By using the properties of delta-functions we obtain: 




(6.2.4) 



That is, 




(6.2.5) 
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Multiplying (6.2.5) by e^^^^^ from the left side, we obtain: 



Xq 6' 



Xq 



^ Y{a,xi)e'''^^^-^K2(Yt{v,-X2)^u) 



Thus 



-x-^S ( _J^^2 + xi\ e-^2^(-i)vr2(Ft(y(a, xi)v, -X2) u) 

\ Xo J 

= izx2)-^S (^^;^) e^^2^(-i)7r2(Ft(i;, -X2) ® Y{a, xo)u). (6.2.6) 

Xq'^6 ( — — — ] Y{a, xi)T{Yt{u, X2) ® v) 

_l^/-ZX2+Xi\ . x^,./ ^ X 

-Xq d I \T[Yt\u,X2)®Y[a,x\)v) 

\ Xq J 

= {zx2r^b['^^^^T{Yt{Y{a,x^)u,X2)®v). (6.2.7) 

V ZX2 J 

Taking Res^jo, we obtain 

F(a, x\)T{Yt{u, X2) <8) v) 
= T{Yt{u, X2) (8) Y{a, xi)v) + ReSxoX2^5 (^'~^~~^^ 'T{Yt{Y{a, xo)u, X2) ® v) 
= T{Y{a,xi){Yt{u,X2)®v)). □ (6.2.8) 

Corollary 6.2.2. r induces a V -isomorphism from F2{M^,M'^)to F2{M'^ , M^). 
Proof. Writing (6.2.1) into components, we obtain 

T{f ®u®v) = Y^ TT-^ ^7r2(t^+'' ®v®u) lox u ^ ,v ^ M^. (6.2.9) 

fc=o ^■ 

Then r(J) = by the definition of J and Proposition 6.2.1. By (6.2.2) and Proposi- 
tion 6.2.1, we can easily find that r induces a ^-homomorphism from i<2(Af^,M^) to 
F2{M^,M^). Since 

T\Yt{u,x)0v) = Tie'''^^-^K2iYtiv,-x)®u)) 

= f^zxL(-l)^-zxL(-l)^^^Yt{u, X) ® V) 

= TT2{Yt{u,x)^v), (6.2.10) 

T is an isomorphism. □ 

The following theorem directly follows from the definition of tensor product and 
Corollary 6.2.2. 
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Theorem 6.2.3. The linear map r induces a V -isomorphism from r(M^, M^) onto 
T{M'^,M^). 

Proposition 6.2.4. For any A G C, r induces an isomorphism from F2{M^, M'^)^'^^ 
onto F2(M2,M1)W. 

Proof. Let ta = a^r from F2{M^,M^) to F2{M^,M^)(^l If tx{Lx) = 0, then tx 
induces a y-homomorphism from F2(M^,M2)W to F2{M'^ , M^)^^h For u G M^,v G 
M^, we have: 

Tx{Yt{u, x) i^v — —Yt{u, x) <Si V — Xx~^Yt{u, x) (8) v) 

= e^'^'^^-'^axMYtiv, -x) ® u) - -^{e'^^^-^^axMYtiv, -x) ® u)) 

ax 

-Ax-^e^^^(-^)^^'^2(yt(i;, -x) ® n) 
= e''^^("^VA7r2 -x) n - L(-l)c7A7r2(yt(i^, -x) O «)) 
_eZxL(-i)^^^^ (^-^Ytiv, -x)(g)u- Xx-'^Yt{v, -x) (8) 

= -e''=^^-^^ax7T2{{Yt{L{-l)v, -x) + ^Yt{v, - Xx'^Ytiv, -x)) ® u). 

(6.2.11) 

By the definition of Lx (the formula (5.2.15)) we have: 

{Yt{L{-l)v, -x) + ^Yt{v, -x) - \x-^Yt{v, -x)) ® u (6.2.12) 

is 

(-l)"+^(r (g) L{-l)v ®v + nt"--^ ®v<^u- Xt"--^ ®v®u)C Lx[[x,x-% (6.2.13) 
Then ta(La) = 0. 

Similarly to the proof of Corollary 6.2.2, we can prove that ta is an isomorphism. 

□ 

6.3 Identifying T(M\ M^)(0) with A(M^) ®a{v) M'^(0) 

It is clear that our approach to the tensor product theory is a formal variable approach 
while Huang and Lepowsky's approach is analytic. It is also easy to see that Frenkel and 
Zhu's approach is also a formal variable approach, i.e., an intertwining vertex operator 
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is studied as a formal series of operators. In this section we shall prove that as an A{V)- 
module the lowest-degree subspace of T{M^,M^) is isomorphic to A{M^) ®a{v) M'^{0). 

For any ^-module M and any nonzero complex number z, slightly generalizing 
[FZ], we define A(y)-bimodules Az{M) continuously depending on z. Let Oz{M) be 
the subspace of M linearly spanned by 

Res^y(a,x) ^ J u (6.3.1) 

for all n G M and all homogeneous a (^V. 

Define a left action and a right action for F on M as follows: For each homogeneous 
a eV, u e M, we define 

(z + x)"^ " 

a*zU = 'ReSxY{a,x) u\ (6.3.2) 

X 

(z + x)^* 

u*z(^ = KeSxzY{a,x) u. (6.3.3) 

Then extend the definition linearly to any element of V. By slightly modifying Frenkel- 
Zhu's proof we can easily get: 

Proposition 6.3.1 Under the definitions (6.3.2) and (6.3.3), we have: 

V *z 0,{M) C Oz{M), Oz{M) F C 0,(M); (6.3.4) 
Oi{V) *z Oz{M) = 0, 0^{M) *z Oi{V) = 0. (6.3.5) 

Set Az{M) = M/Oz{M). Then we have: 

Proposition 6.3.2. For any nonzero complex number z, Az{M) is an A(y)- 
bimodule. In other words, 

{a*ib) *zU = (i*z {b*zu) mod 02(M); (6.3.6) 
u *z (a *i b) = {u *z a) *zb mod Oz(M); (6.3.7) 
a *z {u *zb) = {a *z u) *z b mod02(-^)- (6.3.8) 



Theorem 6.3.3. IfV is rational and (i=l,2,3) are irreducible V -modules, then 
Hom^(y)(A2(M^) ®A{V) M^(0),M^(0)) is linearly isomorphic to I 
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Let r(M\ M2)(0) be the degree-zero subspace o{T{M^,M'^){0). Then T{M^,M'^){0) 
is Hnearly spanned by 

7r2 0M^(m) ®M2(n)) for all m, n G N. (6.3.9) 

Lemma 6.3.4. //M^(0) generates M^, then r(M^,M^)(0) is linearly spanned by 

7r2 (i™" ^ 0M^(m) 0M2(O)) for all m G N. (6.3.10) 

Proof. For any homogeneous elements a eV, e M^, G M^(0), by (5.2.6) we 

have: 

= Y {a, xi)7r{Yt{u^ , X2) (8) u^) + ReSxoizx2)~^S I ) 7r{Yt{Y {a, xo)u^ , X2) (81 u^). 



ZX2 



(6.3.11) 



Then by considering the degree-zero components and using Lemma 6.1.1, we see that 
r(M\ M2)(0) is linearly spanned by (6.3.10). □ 

We may naturally identify 0^=0*"""^ M^(m) with 

Lemma 6.3.5. 7r(0^(Mi) M'^{0)) = 0. 

Proof. For a € V(^),ti € M^{n),v e M^{0), we have: 



TT I Resa; I Y{a, x) ^ u j 



00 



. ^ , wta , 

^ \x'^"'-'n{ai_2U0v) 



i=0 \ I 



00 



i=0 \ I 



= Res,,Res,o 5] I "^^^ I ^^z^^^-^xf "+^"^"-V(yt(y(a,xo)n,X2) ® ^;) 



i=0 



(xz -I- j;o)^*"a;'^^^" 
ReSajjReSajo 2 ' — T^{Yt{Y{a,xo)u,X2) <8) ?^) 



X, 







= ReSa;2ReSa;oReSa;i — — ^ — ^(5 ( — ) ■K{Yt{Y{a, xo)u, X2) (8) v) 

Xq \ Xl J 

= ReSa;ReSj;ix7*"a;2''^"(xi - zx2)~'^Y{a,xi)Tr{Yt{u,X2) ® v) 
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-ReSjjjReSj^iX^^^Xa^^ "(-za;2 + xi)~^7r(yt(u, X2) ® Y{a, x{)v) 



= 0. □ 



(6.3.12) 



The following lemma can be easily proved by using the same proof as that Prenkel 
and Zhu used in [FZ]. 

Lemma 6.3.6. For a G F,^ G Az{M),v G M'^iQ), we have 



By Lemmas 6.3.4, 6.3.5 and 6.3.6 we obtain an A(y)-module homomorphism 99 from 
yl^(Mi) ®A{V) M2(0) onto r(M\M2)(0). Combining Theorem 5.2.16 with Theorem 
6.3.3, we have: 

Corollary 6.3.7. r(M\M2)(0) and ^^(M^) ®a{v) ^^(0) are isomorphic left 
Aiy) -modules. 

If we could prove Corollary 6.3.7 directly, FZ's Theorem 6.3.3 would be proved. But 
the defining relations J is too complicated to be made explicit. 



7r(tt *z CL ® v) = 7r{u (8) a *2 v). 



(6.3.13) 
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Chapter 7 
An analogue of the "Horn" -functor 

In the classical Lie theory the "Horn" -functor is a very useful functor which is also 
related to the (8)-functor (tensor product). This chapter is toward to give an analogue 
of the "Horn" -functor for vertex operator algebra theory and to find certain relations 
with the tensor product functor T we defined in Chapter 5. 

For any two modules and for a vertex operator algebra V, the obvious can- 
didate (Homc(M^, M^)) {x} is too big to be a natural F-module. The right candidate 
turns out to be G{M^ , M^), the subspace consisting of what we call "generalized inter- 
twining operators" from to M^. The definition of generalized intertwining operators 

from to (Definition 7.1.1) exactly reflects the main features of I{u, x) for u G M, 

( \ 

where M is a F-module and I{-,x) is an intertwining operator of type .As 

desired, G{M^ , M^) is proved to be a (generalized) F-module (Theorem 7.1.6), which 
satisfies a certain universal property in terms of the space of intertwining operators of a 
certain type (Theorem 7.2.1). If the vertex operator algebra V satisfies certain finiteness 
and scmisimplicity conditions, it is proved that there exists a unique maximal submod- 
ule A(M\m2) of G(M\m2) and that the contragredient module of A(M\m2) is 
proved to be a tensor product for the ordered pair (M^, (M^)') (Theorem 7.2.6). Using 
Theorem 7.2.6 we derive a generalized version of the well-known Tsuchiya and Kanie's 
nuclear democracy theorem for WZW model [TK] (Proposition 7.3.3). 
Throughout this chapter, V will be a fixed vertex operator algebra. 
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7.1 Generalized intertwining operators 

In this section we shall first define generalized intertwining operators from one F-module 

to another and then we prove that the space of all generalized intertwining operators 

becomes a generalized F-module under a certain action of V. We show that this 

generalized module gives us another construction of the corresponding tensor product 

module under a certain condition. 

Definition 7.1.1. Let and be two F-modules. A generalized intertwining 

operator from to is an element (f){x) = ^ (l>ax'''''^ G (}lom{M^,M^)^ {x} 

aeC 

satisfying the following conditions: 

(Gl) For any a G C, G M^, (j)a+nU^ = for ra G Z sufficiently large; 
(G2) [L{-l),<f>{x)] = ct>'{x) (= -^<f>{x)j ■ 

(G3) For any a eV, there exists a positive integer k such that 

(xi - X2)''Y]^^2{a,xi)(l){x2) = (xi - X2)''(l){x2)Y}^i{a,xi). 

A generalized intertwining operator (j){x) is said to be homogeneous of weight h if it 
satisfies the following condition: 

(G4) [L{0),(l,{x)] = ^h + x^^cl>{x). 

Denote by G(M\M2)(;j) the space of all weight-/i homogeneous generalized inter- 
twining operators from to and set 

G(M\ M^) = (Bh^cG{M\M%y (7.1.1) 

Let W{M^,M'^) be the space consisting of each clement (/)(x) G (Homc(M^, M^)) 
which satisfies the conditions (Gl) and (G2). For any a G F, we define the left and the 
right actions of V on TF(M^,M^) as follows: 

]YM2{a,xi)(t){x2) (7.1.2) 

xq J 

= YM2{a,Xo + X2)(f)ix2). (7.1.3) 

4){x2) *Yt{a,xo) : = Res^iXg^^ ] (t){x2)YMiia,xi) (7.1.4) 

\ xq y 

= (l>{x2){YMi{a,xo + X2) -YMi{a,X2 + xo)). (7.1.5) 
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Proposition 7.1.2. a) W{M^,M'^) is a left g{V) -module of level one under the 
defined left action. 

h) W{M^ , M'^) is a right g(y)-module of level zero under the defined right action. 
Proof, a) First we check that W{M^,M'^) is closed under the left action. For any 
aeV,m e 7,,(f){x) G W{M'^,M'^),u G M^, by definition we have: 

{{t'^ (8) a) * <p{x)) u = 'RbSxqx'^Ym-2 {a, xq + x)(p{x2)u 

\ 



oo 



— m + i — 1 



E 

i=0 \ I 



x^am-i(p{x)u. (7.1.6) 



Then it is clear that (t™ (g) a) * (p{x2) satisfies (Gl). Since 

[L{-l),Yt{a,xo)*H^2)] 
= [L{-l),YM2{a,xo + X2)4>{x2)] 

= ^M2 («> Xo + X2)](I){X2) + Ym2 (a, Xq + X2)[L{-1),(I){X2)] 

d 

= ■^{YM^{a,xo + X2)(l){x2)) 

OX2 

= ^Yt{a,xo)*ct){x2), (7.1.7) 
0x2 

{f^ o) * (t){x2) satisfies (G2). 

Next, we check the defining relations for g(F). By definition we have 

Yt{l, Xq) * (t){x2) = Ym2 {1,Xo + X2)(p{x2) = (p{x2) (7.1.8) 

and 

Yt{L{-l)a,xo) * (I){x2) = YM2iL{-l)a,xo + X2)(l){x2) 

d 

= 7^ Y{a,Xo + X2)4'{X2) 

OXq 

= ^Yt{a,xo)*ct){x2). (7.1.9) 

OXq 

Furthermore, for any a,b eV, we have 

Yt{a,xi) *Yt{b,X2) *(l){x3) 
= Yt{a,xi)*{YM2(b,X2 + X3)(f){x3)) 

= YM2ia,Xi+X3)YM2{b,X2+X3)(p{x3). (7.1.10) 
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Similarly, we have 

Yt{b,X2) * Yt{a,xi) * (f){x3) = YM2{b,X2 + 0:3)1^2(0, a;i +X3)^(x3). (7.1.11) 
Therefore 

Yt{a,xi) *Yt{b,X2) * 0(x3) - Yt{b,X2) * Yt{a,xi) * ^{xs) 
= ReSa;o {x2 + X3)~ 5 [ ■ Ym2 {Y{a, xo)b, X2 + X3)^{xz) 

Then a) is proved. 

The proof of b) is similar to the proof of a), but for completeness, we also write the 
details. For any a G F, (j){x) G Ty(M^, M^), by definition we have 

d 

^— (0(3:2) *Ft(a,xo)) 
0x2 

d 

= -7^^{(t}{x2){YMT-{a.,xo + X2) -YMi{a,X2 + xo))) 
= (j)' {x2){YMi{a,XQ + X2) - YM^{a,X2 + xq)) 

+^{x2){YMi{L{-l)a,xo + X2) - YMi{L{-l)a,X2 + xq)) 
= [L{-l),ct>{x2)*Yt{a,xo)i (7.1.13) 

and 

4>{x2) *Yt{L{-l)a,xo) 

= (f){x2)iYMiiL{-l)a,xo + X2) -YMi{L{-l)a,X2 + xq)) 

d 

= {<P{x2){YMi{a,xo + X2) - YMi{a,X2 + xq)) 

oxq 

= ■^^{x2)*Yt{a,xo). (7.1.14) 
0x0 

For any a,b € V, we have 

4>{x3) * Yt{a, Xl) * Yt(b, X2) 

= Kesx^x^^d {4>{x3)yM^{o,-,Xi)) *Yt{b,X2) 

= ReSaj^ReSajgX^^fJ {^'~~~^ ^2^^ '?^(^3)>mi(«> 2:4)^^-1 (^ 2:5). 

(7.1.15) 
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Similarly, we have 

4>{x3) * Yt{b, X2) * Yt{a, xi) 

(7.1.16) 

Thus 

^(xa) *Yt{a,xi) * Yt{b, X2) - ^(xa) * Yt{h, X2) * Yt{a,xi) 
= ReSa^^Res^^gRes^jQXj^^^ ^2^^ (~x~~~^) ^^^^ 

4{xz)Ymi {Y{a, xo)b, X5) 
= ReSxsRBSxoXi'^S ( ^3 + X5 + xo ^ ( '^x^^^ ) '^'^^3)^mi (^(a, aro)6, xs) 
= Res^5Res^oXj"^(5 '^(^3)>mi (^(a> xo)b, x^) 

= (/)(X3) * ReSxoX^^S f^l^l^) YtiYia, xo)b, X2). (7.1.17) 



X2 

Then the proof is complete. □ 

For any a G V,<j)ix) G VF(M1,M2), we define 

Yt{a, xo) o (f){x2) = Yt{a, xq) * ^(^2) - ^(^2) * y"t(a, xq). (7.1.18) 

Prom the classical Lie algebra theory, we have: 

Corollary 7.1.3. Under the defined action "o" , VF(M^,M^) becomes a g{V)- 
module of level one. 

Lemma 7.1.4. Let (p{x) G W{M^,M'^) satisfying (G4) for some complex number 
h and let a be any homogeneous element ofV. Then 

( d d \ 

[L{0),Yt{a,xo)o(P{x2)] = iwta + h + xo^ +X2^]Yt{a,xo)o(l){x2). (7.1.19) 

V OXq 0X2 J 

Proof. By definition wc have: 

[L(0),yt(a,xo)o</,(x2)] 

= ReSx.x^H {"^^^^^ [L(O),y(a,xi)0(x2)] 

\ Xq J 



-ReSx.x^H (^1±I1\ [L(O),0(x2)y(a,xi)] 

\ Xq J 
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ReSa;,X(7 ^5 I I wta + xi- \-h + x^-^ — ) Y(a,x\)4)(x-2) 

\ xq J \ dxi 8x2/ 

-ReSx^xT^^S ( — — — ] (wta + xi- \-h + x^-^ — ) Mx-2)Y{a,x\) 

V -Xq ) V axx 3x2) 

(wta + K)Yt{a, xq) o <\>{x2) 

+ReSa;iXo^(5 f^^^ — ^) X2Tr-^(«'3;i)^(x2) 

V Xo y aX2 

-ReSjjjXo — ^ ) X2^— ^(x2)y(a,xi) 

+Res^, A^^a^-ij (^^^3^) ) </'(a;2)l^(a, xi). (7.1.20) 



Since 



d -X^(Xx-X2\ d _i (Xl-X2\ d _i /X1-X2, /-ion 

5 = -k—Xq d = -^Xq 5 , (7.1.21) 

5X0 \ Xq J 8X2 \ Xq J 8xi " \ Xq ' 



we have 



8 ( __i . /Xi - X2 



W*( 



8x\ V V a^o 

— (xo+X2)Xo (5 



5xi V \ Xq 

8 _i /Xi-X2\ , 8 _i^/Xi-X2 



8x\ \ Xq ) 8x\ \ Xq 

-XO _ ,,^,-1, ) . (7.1.22) 

5x0 V Xo y 5x2 V Xo ' 



Similarly, we have 



t (-"-'^ (^)) - (-^ - (^) • 

Therefore, we obtain 

[L(0),yt(a,xo)o</.(x2)] 
wta + h + xo—+X2g^jYt{a,XQ)o(l){x2). □ (7.1.24) 

Proposition 7.1.5. G{M^,M^) is ag{V)-submodule ofW{M^,M^) andG{M^,M^) 
itself is a C-graded g{V)-module. 

Proof. It is enough to prove that for any a G F, n G Z,(l){x) G G(M^,M^), 
(t" (g) a) o 0(x) satisfies (G3). Let b be any element of V and let r be a positive integer 
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such that r + n > and that the following identities hold: 



(xi - X2YYMi{a,xi)YMi{b,X2) = {xi - X2yYMi{b,X2)Y]^^i{a,xi); (7.1.25) 
{xi - X2YYM2{a,xi)(l){x2) = (xi - X2Y(pix2)YMi{a,xi); (7.1.26) 
{xi - X2yYM2{b,xi)(p{x2) = {xi - X2Y(p{x2)YM^{b,Xi). (7.1.27) 



By definition, we have 



(f" (8) a) o (f){x2) 

Resro, {{xi -X2rYM2{a,xi)(p{x2) - {-X2 + xiY(p{x2)YMi{a,xi)) (7.1.28) 



Since 



{X2 - Xs) ((Xi - X2YYM2{a,Xi)(f>{x2) - {-X2 + XiY(f>{x2)YM2{a,Xi))YMl{b,Xs) 
3r / 



= E 



s=0 



3r 



{X2-Xif'' \XI-X3y{x2-X3y 



V 



•((Xi - X2yYM2{a,Xi)(j){x2)YMi{b,X3) - {-X2+Xiy''(j){x2)YMi{a,Xi)YMl{b,X3)) 
3r I 3^ 

E I (a;2-Xi)^'-"(xi-X3)'(x2-X3) 

s=r+l \ S 



((xi - X2yYM2{a,xi)(f){x2)YMiib,X3) - {-X2 + xiy(f){x2)YMi{a,xi)YMiib,X3)) 

(X2 - Xi)^'-*(xi - X3)*(X2 - Xa)'' 



3r / 3^ \ 



E 

s=r+l 



V ' J 



■ {{Xl - X2yYM2{b,X3)YM2{a,Xi)(t){x2) - (-X2 + XiyYM2{b,X3)(j){x2)YMi{a,Xi)) 

= {X2 - X3y'^YM2{b,X3) ((xi - X2yYM2{a,xi)4>{x2) - (-X2 + xiy4>{x2)YMi{a, Xi)) , 

(7.1.29) 

we have 

{X2 - X3y' ((r a) o 0(x2)) Ymi {b, xa) = (x2 - X3)^''1m2 {b, X3) ((^ a) o </,(x2)) . 

(7.1.30) 

Then (t"(8)a)o(^(x) G G(M\M2). Thus G(M\ M^) is a submodule of W(M1, M^). □ 
Note: The essential idea of the proof of Proposition 7.1.5 (also see [L2]) belongs to 
Professor Chongying Dong. 
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Theorem 7.1.6. The g{V)-module G{M^ , M'^) is a generalized V -module. 
Proof. For any ^ G C, set 

G{M\M-'f = enezG(M\ M2)(„+^). (7.1.31) 

Then G(M\M2)'^ is a 5(y)-submodule of G{M^,M^) and 

G{M\M^) = J2 G{M^,M'^f. (7.1.32) 

Therefore it is enough to prove that each G(M^, M^)'* is a generahzed V-module. This 
follows from Proposition 5.2.17. □ 

7.2 A relation between G{M^, M^) and r(M\ (M^)') 

In this section we shall prove that just as in the classical case, G(M^,M^) is closely 
related to T{M^, (M^)') under certain finiteness and semisimplicity conditions. 

Let M be another ^-module and let cj) € Homy(M, G{M^,M^)). Then we define a 
linear map I^{-,x) by: 

(f): M (Homc(M\M2)){x} 

u HH- I^{u, x) = (t){u){x) for ue M. (7.2.1) 

By definition, we have 

I^{L{-l)u,x) = (PiL{-l)u)ix) = L(-l) o i<p{u){x)) = ^Hu)ix) = ^W,x). 

(7.2.2) 

Furthermore, for o G « G M, by (7.1.18) we have 

I^{Y{a,xo)u,X2) 

= Resxi (^Xq^S (^~^^~^^ ^(«' xi)I^{u, X2) - Xq^6 -^</'('"' X2)Y{a, xi)j . 

(7.2.3) 

It is well-known (see for example [FHL] ) that this iterate formula implies the associativ- 
ity. Furthermore, (G3) gives the commutativity (without involving matrix-coefficients) 
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for I{-,x). Therefore it follows from [FHL] that /</,(•, x) satisfies the Jacobi identity, 



/ 



M' 



2 



. If I(f){-, x) = 0, then 



so that I^{-,x) is an intertwining operator of type 
(t){u){x) = for all u G M. Thus (f) = 0. Therefore, we obtain an injective linear map 



tt: Homv(M,G(M\M2)) ^ I 



M2 

M, 

h{;x). (7.2.4) 



On the other hand, for any intertwining operator I{-,x) of type 



M 



2 \ 



, it is 



M, 

clear that I{u,x) G G{M'^,M^) for any u E M. Then we obtain a linear map // from 
M to G(M^, M^) defined by fi{u) = I{u, x). Tracing back the argument above, we see 
that // is a F-homomorphism such that Ifj = I{-,x). Therefore we have proved the 
following universal property: 

Theorem 7.2.1. Let and be V-modules. Then for any V-module M 

and any intertwining operator I{-,x) of type \, there exists a unique V- 

homomorphism from M to G{M^, M^) such that I{u, x) = il){u) for u G M. 

Corollary 7.2.2. The linear space liomv{M,G{M^ , M^)) is linearly isomorphic 



to I 



for any V-module M. 



\ 



M, 

The universal property in Theorem 7.2.1 looks very much like the universal property 
for a tensor product in Definition 5.1.1 and also in [HLl]. In Lie algebra theory, (M^)*(g) 

can be naturally embedded into Homc(M^, M^) as a Lie algebra module. In vertex 
operator algebra theory, G{M^,M^) is closely related to the contragredient module of 
tensor product of and (M^)'. First we consider a special case with = V. 

Proposition 7.2.3. Let M be a V-module. Then G{V,M) ~ M. 

Proof. For any u G M, we define 

<^„(x) : V ^M[[x,x-^]]; 

(t>u{x)a = e^^(-^)F(a, -x)u for any aeV. (7.2.5) 
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By definition, we get 

[L{-l),^^{x)]a = L(-l)e^-^(-i)y(a,-x)u-e^-^(-^)y(L(-l)a,-x)w 

= 

= ^M^)a- (7.2.6) 

For any b eV, there is a positive integer A; such that 

{xo + X2)''Y{b, xo + X2)Y{a, X2)u = {xq + X2)''Y{Y{b, xo)a, X2)u (7.2.7) 

for any a eV, where k is independent of a. By definition, we have: 

(a;o + X2)''Y{b, xo + X2)e'''''^-^^ = {xo + X2)''e^^'''^-^Uu{-X2)Y{b, a;o)a(7.2.8) 

By the conjugation formula ([FLM], [FHL]) we get 

(xo + X2)''Y{b, xq)M-X2) = (XQ + X2)''M-X2)Yib, xo). (7.2.9) 

Thus (j)u{x) G G{V,M) for any u G M. Similarly to the proof of Theorem 7.2.1, one 
can prove that the linear map (/) from M to G{V, M) is a y-homomorphism. 

Conversely, we prove that any generalized intertwining operator from F to M is 
equal to a certain 4>u for some u G M. Let il!{x) be any generalized intertwining 
operator from V to M. Then 

V'(x) = J2 ^aX-'^-^ = E E V'a+n^-"-"-'. (7.2.10) 

aeC aeC,0<Rea<l neZ 

It is easy to see that for any a G C, X^„gz t/ja+nX~'^~'"~^ is a generalized intertwining 
operator again. Then it suffices for us to prove that X^ngZ i^a+nX^'^^"'^^ = if a is not 
an integer and J2neZ '^nX~"'~^ = (pu{x) for some u G M. Let h he a complex number 
and let (f){x) = ^neh+Z ^nX~'^~^ is a generalized intertwining operator from V to M. 
Prom condition (G2), we have: 

[L(-l), = -n^„_i for any n G /i + Z. (7.2.11) 

If =0 for some nonzero n, then 

-^n-il = --(L(-l)<^„ - <^„L(-1))1 = 0. (7.2.12) 
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If h is not an integer, it follows from (Gl) that 0„1 = for all n G /i + Z. Let 
U = {a G V\(l){x)a = 0}. Then U is an ideal of V, which contains the vacuum vector. 
Thus U = V. Therefore, (p{x) = if h is not an integer. For the rest of the proof, 
we assume h = 0. By condition (Gl), it follows that = for any nonnegative n. 
Therefore (j){x)l involves only nonnegative powers of x. Let (f)-il = u G M. By using 
(G2), one can easily get (f){x)l = e^^^'^^u. For any a G F, let A; be a positive integer 
such that 

(x - xif(l){x)Y{a, xi) = {x- xifY{a, (7.2.13) 
x^Y{a,x)ue M[[x\\. (7.2.14) 

Then 

x^il)(x)a = lim (a; — a;i)'^^(a;)y(a, xi)! 

a;i— +0 

= lim ix - xxfY{a, xi)<j){x)l 

a;i— »0 

= lim (x - xifY{a, xi)e^^(-^)ii 
ii— >o 

= lim (x - xi)''e''-^("^)y(a, xi - x)u 

= x^Y{a,-x)u. (7.2.15) 

Thus (/>(x)a = e^^*^~^)y(a, —x)u. That is, (/>(x) = ^u(x). Therefore, G(y,M) is isomor- 
phic to M as a F-module. □ 

Remark 7.2.4. If M = F, then V = G{V, V). That is, any generalized intertwining 

operator is a vertex operator. For this special case, Proposition 7.2.3 was proved by 
Goddard [Go] where he assumed ^(x)l = e^^^~^^a for some a G V instead of proving 
this. 

For any two F-modules and M^, let A(M^, M^) be the sum of all F-modules 
inside the generalized F-module G{M^,M^). 

Proposition 7.2.5. Let V be a vertex operator algebra satisfying the following 
conditions: (1) There are finitely many inequivalent irreducible V -modules. (2) Any 
V -module is completely reducible. (3) Any fusion rule for three modules is finite. Then 
for any V -modules and M^, A(M-'^,M^) is the unique maximal V -module inside 
the generalized module G{M^,M'^). 
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Proof. It follows from the condition (2) that A{M^,M'^) is a direct sum of irre- 
ducible F-modules. It follows from Corollary 7.2.2 and the condition (3) that the multi- 
plicity of each irreducible ^-module in A(M^,M^) is finite. Therefore A{M^,M'^) is a 
direct sum of finitely many irreducible ^-modules. That is, A(M^, M^) is a F-module. 
By the definition of A{M^,M'^), it is clear that A(M\m2) is the unique maximal 
y-module inside the generalized F-module G(M^,M^). □ 

Let y be a vertex operator algebra satisfying the conditions (l)-(3) of Proposition 
7.2.5 and let and be any two F-modules. Let F{-, x) be the natural intertwining 



operator of type 



M2 



defined by: 



\^ A(M\M2),M1 j 

F{u,x)=u{x) for any It G A (M^M^). 



(7.2.16) 



Then by Proposition 4.1.4, the transpose operator F*(-,x) of F{-,x) is an intertwining 

. Furthermore, it follows from Proposition 4.1.4 



operator of type 

that is an intertwining operator of type 



' (A(M1,M2))' 

Theorem 7.2.6. IfV satisfies the conditions (l)-(3) of Proposition 7.2.5, then the 
pair ((A(M^, M^)', x)) is a tensor product for the ordered pair (M^, (M^)'). 



V 



type 



Proof. Let M be any F-module and let I{-,x) be any intertwining operator of 
/ M \ 

. It follows from Proposition 4.1.4 that (/')*(•, x) is an inter- 



M 



( 



twining operator of type 



M2 



Prom Theorem 7.2.1, there exists a (unique) 



V 



F-homomorphism ■0 from M' to G(M^,M^) such that {I'y{u,x) = 'tp{u){x) for any 
u G M'. It follows from the definition of A(M^, M^) that -0 is a y-homomorphism from 
M' to A(M^,M^). Therefore, we obtain a F-homomorphism tp' from (A(M^M2))' 
to M. It is clear that ^' satisfies the condition of the universal property in Definition 
5.1.1. □ 
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7.3 A generalized nuclecir democracy theorem 

In this section we shall use Theorem 7.1.6 to give a generalized version of Tsuchiya and 
Kanie's nuclear democracy theorem [TK]. By applying this result to vertex operator 
algebras associated to an affine Lie algebra we give an alternate proof for Tsuchiya and 
Kanie's nuclear democracy theorem [TK]. 

Theorem 7.3.1. Let and he two V -modules. Let U he a g{V)o-module and 
let Io{-,x) he a linear injective map from U to (Homc(M^, M^)) {x} such that for any 
u E U, Io{u,x) satisfies the truncation condition (Gl), the L{—1)- derivative property 
(G2) and the following condition: 

(Xi - X2)^"-^rM2 (a, Xi)Ioiu, X2) - (-X2 + Xi)^''-^h{u, X2)Ym1 (a, Xi) 

= Xi^5 ( — ] Io{au,X2) (7.3.1) 



for any a E V,u E U. Then U is an A(y)-module and there is a unique intertwining 

( \ 

operator I {-jx) of type extending Iq{-,x). 

\ M{U),M^ J 

Proof. Since (xi — X2)S ( —] = 0, we have: 

\xiJ 

{xi-X2)'^''+'YM2{a,Xi)Io{u,X2) = {-X2 + xi)'^''+'lo{u,X2)YMi{a,Xi) (7.3.2) 

for a eV,u eU,i eZ+. Then by definition Io{u,x) G G(M\M^) for any u eU and 

O'm ° loi'^jx) = for m > wta, (7.3.3) 
ttwta-i oIq{u,x) = Io{au,x). (7.3.4) 

Then U := {I{u, x)\u e U} C n{G{M^ , M^)) and C7 is a 5(F)o-submodule of G{M^ , M^). 
Thus U is an A(F)-module. Since C/ as a g'(T^)o-module is isomorphic to U, U is an 
A(y)-module. Let W = U{g{V))U be the V or c/(y)-submodule of GiM^.M"^). Then 
W = U{g-[.)U is a lower-truncated Z-graded weak F-module. Then we have a natu- 

ral intertwining operator of type | | , so that we have a natural intertwining 



operator I{-,x) of type 

\^ MiU),M' I 
M{U) to W. The uniqueness is clear. □. 



by using the natural y-homomorphism from 
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2 \ 



L(C/),Mi ) 



Corollary 7.3.2. Under the assumption of Theorem 7.3.1, if any V -module is com 

I M 

pletely reducible, then there is a unique intertwining operator /(-, x) of type 
extending Io{-,x). 

One of the well-known and important classes of vertex operator algebras is the one 
associated to highest- weight modules for an affine or the Virasoro Lie algebra. Next we 
shall apply our general results to this class of vertex operator algebras. 

Let g be a finite-dimensional simple Lie algebra with a fixed Cartan subalgebra h. 
Let A be the set of all roots of (g, h) and let A_|_ be the set of positive roots with respect 
to a fixed Wcyl chamber. Let 9 be the longest root of A. Let (•, •) be the normalized 
Killing form on g such that {6,9) = 2. For any linear functional A G h*, we denote by 
L(A) (resp. L*{X)) the irreducible highest (resp. lowest) weight g-module with highest 
(resp. lowest) weight A. 

Let g = C[t, (8)g©Cc be the corresponding affine Lie algebra and let g = g©Cd 
be the extended affine algebra. For any G C, A € h*, denote by M{i, A) the generalized 
Verma g-module (or Weyl module) of level £ with lowest-weight subspace L(A) and 
denote by L{£,X) the irreducible quotient module of M{£,X). For any g-module U, let 
U be the loop g-module C[t,t~'^] <SiU oi level 0. 

It has been proved ([FZ], [L2]) that each M{£,0) has a vertex operator algebra 
structure except when £ is the negative dual Coxeter number, and that each M{£, A) 
is a M{£, 0)-module with lowest weight h = 2(e+h"^\ where p is the half-sum of positive 
roots and h^ is the dual Coxeter number. For a fixed £, let V = L{£, 0) be the simple 
vertex operator algebra. Suppose L{£,Xi) {i = 1,2,3) are F-modules. Let I{-,x) be an 

^ L{£,Xs) 



intertwining operator of type 



L{£,Xi),L{£,X2) 



. As before, set 



r{u\x) =x''^+''^-''^I{u\x) = Y,u\n)x~''-'^ for any G L(£,Ai). (7.3.5) 

neZ 



Set 



Yt{u\x) = ^ (r ® u^)x-"-^ for € L{£, Ai). (7.3.6) 
Then /°(-,x) may be considered as a linear map from C[t, t^'^] ^ L{£, Ai) ® L{£, A2) to 
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A3). Let be the restriction of I°{-,x) on C[t,t-^] L(Ai) (g) L{e,X2). By the 
commutator formula, we have: 

[a{m),I{u, x)] = x'^Iiau, x); (7.3.7) 
[L{m),I{u, x)] = (^{m + l)hi + x-^^ I{u, x) (7.3.8) 

for any a G g C L{£,0),u G L(Ai),m G Z, where /ii is the lowest weight of L{£, Ai). 

It is easy to see that (7.3.7) is equivalent to that the map 4>i is a g-homomorphism 
from L{Xi) L{£, A2) to L{£, A3). If we consider L{Xi) as a g-module with d = ^ 1 
and consider L{£, A) as a g-module with d = L{0) — h where h is the lowest weight, 
then it follows from (7.3.7) for m = that 0/ is a g-homomorphism. Then we obtain 
a linear map: 



Homg(L(Ai) (8) L{£, A2), L{£, A3)); 



mxs) 

L{£,Xi),L{£,X2) 

I{;X)^(f>I. (7.3.9) 



In [TK] or in many physics references, an intertwining operator I{-,x) of vertex 
is defined to be a linear map: 



^ L{£,X3) ^ 



\^ L{£,Xi),L{£,X2) J 

Ii;x) : L(Ai) ^ (Hom(L(£, A2), L(^, A3))){x}; 

u^I{u,x) (7.3.10) 

satisfying the conditions (7.3.7) and (7.3.8). It is clear that this definition is weaker 
than Definition 4.1.1. But, if ^ is a positive integer, Tsuchiya and Kanie's nuclear 
democracy theorem [TK] says that I{-,x) can be uniquely extended to L{£,Xi). (To 
be precise, this was proved only for g = s/2 in [TK].) Next By using Theorem 7.1.6 or 
Theorem 7.3.1 we give an alternative proof. 

Proposition 7.3.3. The linear map (p is an isomorphism if £ is a positive integer. 

Proof. It follows from the Jacobi identity that (f>i = implies I"{-,x) = 0. There- 
fore, (f) is injective. 

On the other hand, let he a g-homomorphism from I/(Ai) (8) L{£, A2) to L{£, A3). 
Then we may naturally consider -(/; as a linear map from L{Xi) to Hom(L(£, A2), L(£, A3)). 
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Define 



^ : L(Ai) ^ (Hom(L(^, A2), L{i, A3))){x}; 

^ x''^-^^-''^4^{Yt{u\x)) (7.3.11) 

for G L(Ai). Since -Z^(Ai) is an irreducible g-module, it is clear that -ijj is injective. 
By writing (7.3.7) in terms of generating functions, we get 

[Y{a, xi), I{u\x2)] = x^^6 (^^^ I{au\x2). (7.3.12) 
Since (xi — X2)S ( —] = 0, we have: 

\X2J 

{xi-X2)[Y{a,xi),I{u\x2)]=0 (7.3.13) 

for any a E g,u^ G -^^(Ai). Since g generates L{£,0) as a vertex operator alge- 
bra, similarly to Proposition 7.1.4 we can prove that I{u^,x) satisfies (G3) for any 
a G L{£,0). Furthermore, (7.3.7) implies (G2). Therefore L{Xi) is embedded into 
G{L{£,X2),L{£,X2)) through V'- Let W be the F-submodule of G(L(£, A2), L(£, A2)) 
generated by L(Xi). From (7.3.13), we have: 

a{m) o I(u^,x2 ) = for any a G g,m > 0,u^ G L(Ai). (7.3.14) 

Then is a certain quotient module of M{£,Xi). If £ is a positive integer, the vertex 

operator algebra L{£,0) is rational ([FZ], [DL], [L2]). Thus W = L{£,Xi). Therefore, 

, . . . . . / ^(^'^3J 

we obtain an mtertwmmg vertex operator of type 



. Thus is an 



L{£,X,),L{£,X2) 



isomorphism. □ 

Let L(c, h) be the irreducible module of the Virasoro algebra Vir with central charge 
c and lowest weight h. It has been proved ([FZ], [H2], [L2]) that L{c,0) is a vertex 
operator algebra. (But not all L{c, h) are L(c, 0)-modules in general.) 

Remark 7.3.4. Suppose that L{c, hi) and L(c, /i2) are two modules for the vertex 
operator algebra L(c, 0). Let 4>{x) G (Homc(-i^(c, /ii), L(c, /i2))) {x} such that 

[L(m), 0(x)] = {{m + l)h + x^ (t){x) (7.3.15) 
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for some complex number h. Then (j){x) generates a lowest-weight module M of lowest 
weight h for the Virasoro algebra inside G(L(c, ^i), L{c, /i2))- If c is among the minimal 



L(c, /l2) 



series, then the vertex operator algebra L(c,0) is rational [W]. Therefore M = L(c,h). 

/ 

Then we obtain an intertwining vertex operator of type 

^ L{c,h),L{c,h2) 

Proposition 7.3.5. Each fusion rule is either or 1 among irreducible L(c, 0)- 
modules. 

Proof. Let L{c,hi) (i=l,2,3) be irreducible L(c, 0)-modules and let hi, be the 
lowest weight and lowest weight vector of L{c, hi) (i=l,2,3), respectively. Let I{-,x) be 

^ L{cM) 



any intertwining operator of type 



. Then 



L{c,hi),L{c,h2) 



I{u, x) = J2 /n(w)x-"-^a;'^3-hi-fe foj. ^ g ^(^^ ^^-) (7.3.16) 
neZ 

Prom [FHL] we have the following formula: 

wt{Iniu^)u^) = hs - n - 1 fornGZ. (7.3.17) 

Claim: I{-,x) is uniquely determined by I^i{u^)u'^. Equivalently, I-i{u^)u^ = 
implies I{-,x) = 0. 

If I{-,x) is a nontrivial intertwining operator, then there is an integer k such that 
Ik{u^)u^ ^ and In{u^)u^ = if n > A;. (7.3.18) 
By the commutator formula (2.1.3), we get 

[Y{uj,Xi),I{u'^,X2)] 

- f^^x-(A)-^(ii).(L(i -!)„.,.,) 



i=0 
= X 



-'6 I{L{-l)u\x2) - ^2 '^-^ (^) I{mu\x2). (7.3.19) 
Equivalently, 

[L{n),Im{u^)] = {-m -n-l + h3-hi-h2 + {n+ l)hi)Im+n{u^)- (7.3.20) 
Therefore 

L{n)Ikiu^)u^ = for ah n > 1. (7.3.21) 
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That is, Ik{u^)u'^ is a lowest weight vector of L{c,hs). Since the lowest weight vector 
is unique up to a constant multiple, by (7.3.17) we get k = —1. So I^i{u^)u^ ^ 0. □ 
Similarly, we have: 

Proposition 7.3.6. Let V = L{i, 0) be a vertex operator algebra associated to 
a finite- dimensional simple Lie algebra g. Let (i= 1,2,3) be three irreducible V- 
modules. Then 

I 



dim/ 



M3 



< dimHomg(M^(0) (g)M2(0),M^(0)). (7.3.22) 



Proof. Similarly to the proof of Proposition 7.3.5, we can prove that any inter- 



twining operator -f(-,x) of type 
linear map 



is uniquely determined by the following 



//: M^(0)®M2(0) ^M=^(0) 

I -I {u)v for II G (0) , G (O) . 



(7.3.23) 



For any a G g = V(i), by (2.1.3) we have 



aQl-i{u)v = I-i{aou)v + /_i('u)ao'y. 



(7.3.24) 



Then // is a g-homomorphism. □ 
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Appendix A 
A counterexample 

In this appendix, we shall give an example to show that the conditions on and 
of Theorem 4.2.4 are necessary. 

For any complex numbers c and h, let M{c, h) be the Verma module for the Virasoro 
Lie algebra Vir with lowest weight h of central charge c. Let L(c, h) be the correspond- 
ing irreducible quotient module. Let 1 be a lowest-weight vector of weight-zero for 
M(c, 0). Then L(— 1)1 is a lowest- weight vector of weight-one. Let Mc be the quotient 
module of M(c, 0) divided by the submodule generated from L(— 1)1. It is well-known 
([FZ], [H2], [L2]) that Mc has a natural vertex operator algebra structure and that any 
Verma module -M(c, h) is a module for this vertex operator algebra M^. 

The following proposition easily follows from [FZ]. 

Proposition A.l. For any complex number c, A{Mc) is isomorphic to the polyno- 
mial algebra C[t] in one indeterminant t. For any complex number h, A{M{c,h)) is 
isomorphic to the vector space C[ti,t2\ where ti and t2 are two independent indetermi- 
nants and the left and the right actions are given by 

f-fitiM) = nfihM), (A.l) 

fih,t2)-e = (ii-i2)"/(ii,i2) (A.2) 

for anyne N,f{ti,t2) e C[ti,t2]. 

For any coprime positive integers p and q (j),q > 2), set 

Cp.p ~ 1 ■ (A. 3) 

pq 

It follows from Kac's determinant formula that Mc is irreducible if c 7^ Cp^q for any 
coprime numbers p and q. In this case, Mc = L{c,0). 
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Proposition A. 2 [W]. The vertex operator algebra -L(c, 0) is rational if and only 
if c = Cp^q for some coprime positive integers p and q. 

Suppose c is not among the minimal series (A. 3). Then A{Mc) = C[t]. Let h he a 
complex number such that M(c, h) is irreducible. Then 



A{Mc) ®A(Me) M(c,/i)(0) = M(c,/i)(0), 
A{M{c,h)) 0^(M,) M,(0) ~ C[t], 



(A.4) 
(A.5) 



where C[t] is the adjoint 74(Mc)-module. Let hi and /12 be two different complex 

( M{c,h2) 

numbers such that M(c, hi) and M(c, ^2) are irreducible. Then I 

\ Mc,M{c,hi) 
= 0. If Prenkel and Zhu's fusion 



0. By Corollary 4.1.5, we have: / 
formula were true, then 



^ M(c,/t2) 

^ M{c,hi),Mc 



dim/ 



^ M(C,/12) ^ 

^ M{c,hi),Mc J 



dimHom^(y)(^(M(c, hi)) (g)^(y) Mc(0),M(c, /i2)(0)) 



dimHom^(y)(A(Mc),M(c,/i2)(0)) 
1. 



(A.6) 



This is a contradiction. In this example, the condition M(M^(0)) = of Theorem 
4.2.4 is violated since M(Mc(0)) = M(c, 0) / M^. 
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Appendix B 

An example of the tensor product module being zero 



In the classical Lie algebra case, the tensor product module for any two nonzero modules 
is not zero. But the tensor product module of two nonzero modules for a vertex operator 
algebra may be zero. Since in the classical associative algebra (or ring) case, the tensor 
product module of a nonzero bimodule with a nonzero left module may be a zero 
module, from Prenkel and Zhu's theory, this is not surprising. In this appendix we shall 
give an example such that the tensor product module of two nonzero modules is zero 
for a vertex operator algebra. 

Let g be a finite-dimensional simple Lie algebra with a fixed Cartan subalgcbra 
h and let g be the corresponding affine Lie algebra. Let £ be a positive integer and 
let L{i, A) be the irreducible highest-weight g-module of level i with highest-weight A. 
Let M{i, C) be the generalized Verma g-module of level £. Then M{£, C) is a vertex 
operator algebra and any highest- weight g-module of level £ is a module for this vertex 
operator algebra ([FZ], [L2]). Let V = M{£,C) and let V = L(£,0) be the irreducible 
quotient module of M{£,C). Then F is a vertex operator algebra and the standard 
g-modules of level £ form the set of equivalence classes of irreducible F-modules ([DL], 
[FZ], [L2]). 

Proposition B.l. Suppose that A is not an integral dominant weight. Then the 
tensor product module for V -modules V and L{i, A) is zero. 

Proof. Since A is not an integral dominant weight, L{£, A) is a F-module, but it is 
not a F-module. To prove that the zero module is a tensor product for the ordered pair 
{V, L{£, A)), we need to check the universal property of Definition 5.1.1. Let M be any 



F-module and let /(•, x) be any intertwining operator of type 



( ] 



Then we 
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need to prove that I{-,x) = 0. Since Ojl = for any a EV,i e Z+, 1(1, X2) commutes 

with every vertex operator Y{a,xi). Since -^1(1, x) = I{L{— 1)1, x) = 0, 1(1, x) is 

dx 

a constant. Thus 1(1, x) is a y-liomomorphism from L{i,X) to M. Let W be the 
image of 1(1, x). Then it fohows from tlie Jacobi identity that I{a,x)L{i, X) C 
for any a E V. Suppose I{-,x) ^ 0. Since L{£,X) is irreducible, W = L{i,X). Thus 
7(1, x) = aid for some nonzero number a. Then we obtain an intertwining operator 



F(-,x) = a ^I{-,x) of type 



L{e, A) 



such that F{l,x) = id. Therefore L{£,X) 



\ v,L{e,x) 

is a F-module. This is a contradiction. Thus I{-,x) = 0. Then the zero module is a 
tensor product module for the ordered pair {V , L(i, A)). □ 

Remark B.2. Suppose that the vertex operator algebra V is selfdual (a neces- 
sary and sufficient condition was given in [LI]) and that the tensor product functor 
T or Huang and Lepowsky's box tensor satisfies a certain associativity (this has been 
proved by Huang and Lepowsky under a certain condition). Let M and W be any 



two irreducible F-modules. Since / 

/ 



7^ 0, it follows from Corollary 4.1.5 that 




/ 0. It follows from Proposition 5.1.5 that 
there is a nonzero F-homomorphism ^ from T{M', M) to V. Then 

r(M', r(M, W)) ~ T{T{M', M), W) ^^-^^ T{V, W) ~ W. (B.l) 

Therefore T{M, W) / 0. 
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